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1 Convex sets

Most of the statements of this course hold when X is a normed space i.e. a vector
space endowed with a norm |||| which endows X with a topology. The closed ball of
radius around a point z is then denoted B(z,r) = {y € X | ||z — y|| < r}, and the
topology is induced by the metric d(x,y) = ||z — y||. In particular, the results of this
course can be applied to Hilbert spaces, Banach spaces, and even R

However, it is often the case that our statement hold in the more setting of
(locally convex) topological vector spaces, which is particularly adequate when one
wants to consider weak /weaks* topologies, which are important in some applications.

Definition 1 (Locally convex topological vector space). A topological vector space is
a vector space X endowed with a topology which makes addition of vectors (z,y) €
X2 x4y € X and multiplication by a scalar (A, z) € Rx X +— Az € X continuous.

A topological vector X is called locally convez if there exists a family B of convex
open sets containing the origin such that for all neighborhood O of the origin, there
exists a basis set w € B such that w C O.

Any normed space is a locally convex topological vector spaces, and most of
the course can be understood by someone knowing only normed spaces “(locally
convex) topological vector spaces” with “normed space” in all statements. Topological
vector spaces are of interest in infinite dimension, because they allow to define weak
topologies, which are useful to prove existence to optimization problems. We propose
a short introduction to these notions in Appendix [A]

1.1 Convex sets

Definition 2 (Convex set). A subset K of X is called convez if and only if for any
z,y € K, the segment [z,y] = {(1 —t)x +ty | t € [0,1]} is included in K.

Ezxample 1. Elementary examples of convex sets include

e open and closed balls in normed vector spaces,

e hyperplanes, i.e. sets of the form {x € X' | ¢(x) = a} for some linear function
¢ on X and some « € R,

e affine subspaces, i.e. intersection of hyperplanes,

e halfspaces, i.e. sets of the form {z € X' | ¢(x) < a} for some linear function ¢
on X and some a € R,

e intersection of halfspaces, which are called polyhedra if one take a finite inter-
section of halfspaces,

e the space of symmetric positive definite matrices,

e sublevel sets {x € X | f(z) > «} or epigraphs {(z,t) | t > f(x)} where
f: X — Ris a convex function and a € R.

Definition 3 (Convex hull). The convexr hull of a set A C X, denoted conv(A), is
the smallest convex set containing A.

Proposition 1. The following properties hold
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(i) If (Ko)aca s family of convex sets, NpeaKy is convex

(1)) If K C X is conver and L : X — Y is linear, then L(K) is convex.
(iii) If K C X is convex and L : Y — X is linear, then L=Y(K) is convex.
(v) If K C X,L CY are convez, then K X L is convez.

(v) If K,L C X are convez, then K @ L is conver.

(vi) conv(A) is the intersection of all convex sets containing A.

(vii) conv(A) = { S @i | k> L€ A, 0 > 0,58 05 =1}

Proof. Exercise. O

1.2 Hahn-Banach theorem

The most important tool of this course is the representation of closed convex sets as
intersection of closed half-spaces, which is the basis of subdifferential calculus, of the
duality theory of Fenchel and Rockafellar, etc. This representation relies mainly on
the Hahn-Banach theorem.

Definition 4 (Sublinearity). A function p: X — R is sublinear if it is
(i) 1-homogeneous: for any = € X and A > 0, p(Azx) = Ap(x);
(ii) subadditive: for any z,y € X, p(z +y) < p(z) + p(y).

Example of sublinear functionals include norms over the space, or more generally
gauges of convex sets.

Definition 5 (Gauge). The gauge — also called Minkowski functional — of a convex
K C X convex is the function pg taking value in R U {+oc0} defined on X

pr(xz) =inf{r > 0|z e rK}.

Lemma 2. Let K C X be a convex neighborhood of the origin. Then the gauge pg
is sublinear and continuous, and K C {px < 1}.

Proof. The sublinearity of pg is left as an exercise, we only show the continuity. By
definition of the gauge, we easily see that |px(x)] <1 for all z in K. Then, for any
e > 0, we have |pg| < ¢ on K, implying the continuity of px at the origin. We
now use the sublinearity of px to extend the continuity to the whole space X. Given
x,y € X, we have

{mm) —pr(z—y+y) <pr(z—y) +
pr(y) =prx(y—z+2z) <px(y—z)+

implying that |px(y) — pr(x)| < max(px(z — y),px(y — x)). Let ¢ > 0, and let
K' =24 ¢(KN—-K). Then K’ is a neighborhood of z and |pk(-) — px(x)| < e on
K, thus showing the continuity of px at x. O

Theorem 3 (Hahn-Banach). Let X' be a topological vector space and let p be a
continuous sublinear function on X. If E is a linear subspace of X and if f is a
linear function on E satisfying f < p, then f can be extended into a continuous
linear form f € X* which also satisfies f <p.


Mobile User


We refer to Brézis [Brel(] for a proof of the Hahn-Banach theorem in the case
of general vector spaces (which also does not require that p is continuous), while
we prove it only in the case where X is separable, which makes the proof more
constructive.

Proof. Let (v;)i>1 be a countable dense subset of X', and define by induction Ey = E
and E; = span(E;_1,v;).

Step 1: Extension of f to E;: We first show how to construct a linear extension f;
of f on E; satisfying f; < p, assuming that f;_; is already constructed. If v; belongs
to E;_1, one has F; = F;_1 and there is nothing to do. If not, for any o € R we can
define a linear function f;, on E; by setting

Vo e E;_q,Vt €R, fi oz +tv;) = fim1(z) + ta.
We now need to choose a so that f; , < p or equivalently so that
Vo € E;_1,Vt € R, fi1(z) + ta < p(x + te;)
V€ By_1,Vt € R\ {0}, fi_1 (Itl> ‘t‘a <p <|f| + |;e>
Ve e Fiq, fic1(z) £a<prte).

We used the homogeneity of p to go from the first to the second line. This is again
equivalent to « satisfying

sup fi—i(z) —plr —e;) <a< inf p(y+e) — fi—i(y).
ek, 1 yek; 1

Thus, such an « exists if the supremum is less than the infimum, i.e. if
V(z,y) € Ei—1, fi-1(x) —p(x —€;) < p(y +€) — fi-1(y)
= V(r,y) € Eiy, fir(r+y) <ply+e)+plx—e)
= V(z,y) € Ei1, fi-1(x +y) < p(z +y),
where the last implication is deduced from the subadditivity of p. Since f;_1 < p, we

can backtrack the chain of implications to deduce the existence of a € R such that
fi,a < p. In practice, one can set

a= inf p(y+e)— f(y) > —p(—e;) > —o0.
yEEz 1

Step 2: Extension of f to X The previous constructions allows to construct a
linear function f : B — R on the linear subspace E = U; E; satisfying f < p and

f L= f. The subspace F contains the vectors (vi)i>1 and is therefore dense in X'.

To extend f to X, we will use the continuity of p. We first notice that by assumption

—p(y—2) < flz—y) < plz —y),



implying that

f@ —y)| < max|p(@—y)l. Iply )]

One can first use this inequality to show that if (x,) is a sequence of points of E
converging to some z € X, then ( f (z5,)) is a Cauchy sequence in R, thus converging
to some value, denoted f (x). We can use again the same inequality to prove that if
two sequences (z,), (yn) of elements of E converge to the same point z € X, then

limy, 400 f(2n) = limp— 400 f(yn), proving that f is well-defined. Finally, f also
satisfies ’f(:v — y)‘ < p(x —y) for all x,y € X, proving its continuity. O

1.3 Continuous linear forms

Definition 6 (Dual space). The topological dual of X is the space of all continuous
linear functions on X, and is denoted X’*.

The elements of X* are denoted with a star, e.g. x* € X*, and we denote the
pairing between X* and X using the notation for scalar product, i.e. (z* | z) :=
x*(x), to underline the similarity with the case of Hilbert spaces.

Remark 1. When (X, ||-||) is a normed vector space, the topological dual X* may be
endowed with the dual norm

[2*[| = sup(z* | z).
zeX

One could construct a “strong” topology on X'* even when X is not a normed space,
but this will not be necessary in this course.

We recall the following characterization of continuous linear forms on a topolog-
ical vector space, which generalizes a similar criterion for normed spaces.

Lemma 4. (Continuous linear forms) Let ¢ : X — R be a linear form on a topo-
logical vector space (X, o). Then, the following are equivalent
(i) ¢ is continuous,
(ii) ¢ is continuous near the origin (i.e. for alle > 0, there exists O € o containing
0 such that |¢| < e on O),
(11i) ¢ is bounded (from above or from below) in a neighborhood of the origin,
(iv) ¢ is bounded (from above or from below) on a non-empty open subset.

Proof. We only prove the implication (iii) = (ii). Let w be a neighborhood of the
origin such that |¢| < M on w. Then, for any € > 0, define w. = (¢/M)O. Then,
we € o (by continuity of (A, z) — Ax) and |¢| < € on w;, thus proving continuity of
¢ at zero. ]

Lemma 5. (Closed halfspaces) Let ¢ : X — R be a linear form over a topological
vector space X. Then, the following are equivalent:

(i) ¢ is continuous,

(i1) the set H = {x € X | ¢(x) < a} is closed,



(ii1) the set H = {x € X | ¢(x) = a} is closed,

Proof. If ¢ is continuous, then the halfspace H (resp. hyperplane H’) is closed as
the inverse image of (—oo, @] (resp. {a}) under ¢. Conversely, if H is closed (resp.
H' is closed), then ¢ > « on the non-empty open set X \ H (resp. X \ H'), so that
¢ is continuous by the previous lemma. ]

1.4 Linear separation

Definition 7 (Separation). Two sets K, L C X are continuously linearly separated,
or separated for short, if there exists a non-trivial continuous linear form z* € X*\{0}
such that supy (z* | -) <infr(z* | -). If the inequality is strict, we will say that the
sets are strongly separated.

Corollary 6. Let X be a topological vector space, K an open convex subset of X and
z€ X\ K. Then K and {z} are separated.

Proof of Corollary[f. Translating if necessary, we assume that K contains the origin
in its interior, and we consider its gauge px. Let E' = Rz, and define f(tz) :=t on
E. Since z ¢ K, pg(z) > 1 = f(z), from which we deduce by positive homogeneity
that f(tz) < pr(tz) for t > 0. For ¢ < 0 we have f(tz) =t < 0 < pg(tz). Thus,
f < pk on E. By the Hahn-Banach theorem, we get the existence of a continuous
linear extension f of f such that f < pg on X. Moreover, for all x € K, we
have f(z) < pg(x) < 1 = f(2), thus showing that K is separated from {z} by a
continuous linear form, which moreover is nontrivial since f(z) = 1. O

A simple argument using the Minkowski sum allows to separate two convex sets,
one of which is open. We recall that the Minkowski sum A @& B between two sets is

AeB={zr+y|z € Aye B}

The Minkowski difference is defined similarly as A& B:={z+y | x € A,y € B}.
The Minkowski sum of two convex sets is convex (exercise).

Corollary 7. Let X be a topological vector space and let K and L be two disjoint
convex subsets of X, such that L is open. Then, K and L are separated.

Proof. We consider the Minkowski difference between K and L, M = K © L,

M={c-ylzeKyelLl=|J(K-y),
yeL

which is open (as a union of open sets) and convex as already noted. Since K and
L are disjoint, M does not contain z := 0 in its interior. By the previous corollary,
we get the existence of z* € X* such that

Vee M =K® (—L),(a"|z) <(z"|2)=0

This directly implies that K and L are separated by z*. O



Corollary 8. Let X be a topological vector space and let K and L be two convex
subsets of X. Assume that there exists an open convex neighborhood V' of 0 such that
(K@ V)NL=0. Then, K and L are strongly separated.

Proof. We first note that the set K @ V is convex (at the sum of convex sets) and
open (as in the proof of the previous corollary). Thus, by the previous corollary, we
can separate K @ V from L, i.e. there exists z* € X*\ {0} so that

sup (z* | z) < inf(z" | y).
reK®V yeL

In addition, one easily sees that

sup (x* | z) = sup(z* | x) + sup(z* | y).
e KV zeK yeVv

Since x* # 0, there exists v € X such that (z* | v) # 0, and replacing v by —v
if necessary, we can assume that (z* | v) > 0. Since the set V is open and since

0 belongs to V, for ¢ > 0 sufficiently small, tv must also belongs to V. Thus,
supyey (z* | y) > t(z* | v) > 0: this shows the strong separation. O

Corollary 9. Let X be a locally convex topological vector space and let K and L be
two convex subsets of X, and assume that K is compact and L is closed. Then, K
and L are strongly separated.

Lemma 10. In a topological vector space, if X is compact and Y 1is closed, then the
Minkowski sum X ®Y is closed.

Proof of Lemma[I0, Normed spaces. Let z, be a converging sequence of points in
Z =Xa&Y, so that z, = z,, + y, with x,, € X and y,, € Y. We denote z the limit
of (zn)n>1. By compactness of X, taking a subsequence if necessary, we can assume
that the sequence (acn)nzl converges to some x € X. The relation 2z, = x, + y,
then implies that the sequence (y,)n>1 converges to some point y = z — x, and
by closedness of L, the point y belongs to L. In conclusion, z = x + y belongs to
Z=X®Y ®(—L) and M is closed. O

Proof of Lemma[I0, Topological vector spaces. Let z ¢ X @Y. Then, for every = €
X we have z — x € Y, implying by closedness of Y that there exists an open set
O so that z —z € O, and O, NY = (). By continuity of the substraction, there
exists opens set B, containing x and U, containing z such that (U, © B;) C O,
so that (U, © B;) NY = . The sets (B;)zex cover the compact set X, so that by
compactness, one may extract a finite family z1,...,zny € X s.t. |J; By, contains X.
Then U = N;U,, is an open set containing z and such that

(UeX)nY C (U@UBIZ) nY €| JWs, © Bay) NY =0,

thus implying that U N (X @ Y) = (). This shows that (X @ Y) is closed. O



Proof of Corollary[9 We first notice that thanks to the previous lemma, K & L =
K@ (—L) is closed, and by hypothesis it does not contain the origin. Therefore, there
exists an open set V such that VN (K © L) = (). Moreover, since we assumed that X
is locally convex, we may assume that V is convex. Thus, we can apply Corollary
to conclude that K and L are strongly separated. O

Remark 2 (Separation of points). The previous corollary implies that if X" is a sep-
arated (Hausdorff) locally convex topological vector space, then for every distinct
points x,y € X, there exists * € X* such that (z* | ) > 0 > (z* | y). In partic-
ular, this shows that X endowed with the weak topology o(X, X*) is separated (see

Definition .

1.5 Closed convex sets

We recall that thanks to Lemma [5] in a topological vector X a closed half-space is a
set of the form H = {x € X' | (z* | z) < o} where 2" € X* and a € R.

Proposition 11. Let K be a closed convex set of a locally convex topological vector
space X. Then, K is the intersection of all the closed half-spaces containing K.

Proof. Denote L the intersection of all the closed half-spaces containing K. The
inclusion K C L is obvious, so let us prove that (X' \ K) C (X \ L). To do that,
we consider some point = € X'\ K. By the strong separation theorem (Corollary E[)
applied to the closed convex set K and the compact convex set {x}, there exists
x* € X* and € > 0 so that

Vze K, (2"]z)+e<(z"]|x).

Thus, the closed half-space H = {z € E | (z* | 2) + § < (2" | 2)} contains K, so
that by definition . C H. Since x does not belong to H, this shows that x ¢ L. O

Definition 8 (Closed convex hull). The closed convex hull of a subset A of a normed
space is the smallest closed convex set containing A, or equivalently the intersection
of all the closed convex sets containing A. We denote it convA.

Corollary 12. Let X be a locally convex topological vector space. Then, for all
subsete A C X, the closed convex hull of A equals the intersection of all the half-
spaces containing A.

Example 2. Let A= {(z,y) € R? | y > H%} Then, convA = {(x,y) € R? | y > 0}.

Definition 9 (Weak convergence). A sequence (x,) of points in X" is called weakly
convergent to x € X if for any continuous linear form x* one has

lim (2% | z,) = (x

"
n—-+4o00o



As a consequence of the proposition, we see that all closed convex sets are also
closed under weak limits. This is useful to show existence to optimization problems
posed in infinite dimensions, e.g. in optimal control, calculus of variations or optimal
transport. We can actually prove that closed convex sets are also closed under the
weak topology on the space. More details are provided in Appendix [A-3]

Corollary 13. Let K C X be a closed convex set in a topological vector space X,
and let (x,) be a weakly converging sequence, with limit in x. Then, x belongs to K.

Proof. By Proposition one can write K = N;jerH;, where H; = {(z} | -) < oy}
are closed half-spaces. In particular, for all ¢ € I and n, one has (z] | z,,) < ;. By
weak convergence, we deduce that

(2 = tim (o] | ) < o,

thus proving that = also belongs to K. O

Proposition 14. Let X be a locally convex topological vector space, and let K C X
be convex. Then, K is weakly closed if and only if it is closed.

Proof. We already know that (Remark that if K is weakly closed, then K is
closed. Conversely, assume that K is closed and convex. By the Proposition
K is a (possibly uncountable) intersection of closed halfspaces. Since every closed
halfspace is weakly closed, we deduce that K is also weakly closed. O

1.6 Support function and normal cone

Definition 10 (Support function, support hyperplane). The support function of a
non-empty set A C X is the fonction o4 on X'* defined by

oa:x" € X" sup(z” | z) € RU{+o0} (1)
z€A
A (closed) hyperplane H = {(z* | -) = «a} is a support hyperplane to A at at a point
x € A, or supports A at z if (z* | z) = a and if A C {(z* | -) < a}. The linear form
x* is then called an (ezterior) normal to A at x.

Remark 3. Note that H supports A at x if and only if o0 4(z*) = (z* | =), explaining
why o4 is called the support function of A.

The support function of a singleton (A = {z}) is linear, while in general the
support function of a set is sublinear (as in Definition . Support functions were
introduced by Minkowski in the finite-dimensional setting. A nice feature of the
embedding K — ok is that it preserves much of the structure of the set of closed
convex subsets of X. We refer to Hormander [Hor55| for a short summary of the
properties of support functions of closed convex sets. Support function can be used
to get a geometric interpretation of some rules of subdifferential calculus.

Our first propositions shows that the support function of a closed convex set can
be used to reconstruct it.

10



Proposition 15. Let X be a locally convex topological vector space and let K C X
be closed and convex. Then,

K= () {weX| | 2) <ok} (2)
TreX*

Proof. Denote L the intersection of halfspaces Hy» = {(z* | -) < og(z*)}. Since
every halfspace in the intersection contains K, so does L. We now prove the converse
inclusion X \ K € X\ L. Given a point x € X \ K, Proposition [11] shows that
there exists a closed convex hyperplane H = {(z* | -) < a} containing K but not
containing the point . Then, using

a > sup(z* | x) = o (z"),
zeK

we see that H,« C H. The half-space H does not contain x, so that neither H,+ and
L can contain . O

Proposition 16. Let X be a locally convex topological vector space.
(i) Let K,L C X be closed and convex. Then, K C L iff ox < of.
(In particular o = oy, if and only if K = L.)
(ii) Let Ki,...,Ky be closed and convex and let \1,... g > 0. Then

O®, MK = D NOK;;
)

(11i) Let Ky,...,K; be closed and convex. Then, oy, k;, = max; og,. Then,
o = maxog,.
Ui K; i Ki
Remark 4. This proposition is sometimes used to construct algorithm for computing
the Minkowski sums of convex sets and especially convex polyhedra.

Proof. (i) The direct implication (if K C L, then ox < o) is obvious from the
definition, and the converse follows from Proposition [I6]
(ii) We have for every z* € X,

og(a”) =sup(z” [z) = sup (z"[x)
z€K ze@P; MK;

= sup (x* | Z \ix;) = Z Niok, (T").

(@15sme) EK1 X .. X K,
(iii) is proven similarly. O

Definition 11 (Normal cone). Let K C X be a convex set. The normal cone to
K at a point z in K is defined by Nor, K = {2* € X* |Vy € K, (z* | z —y) > 0}.
When =z is outside of K, we define Nor, K = (.

Informally, the normal cone Nor, K is the set of “slopes” z* € X* of all support
hyperplanes {(z* | -) = a} to K at the point x.

11



Ezample 3 (Smooth sublevel set). Let X = R% let g : R? — R be a C! convex
function such that infga g < 0, and let K = g~!((—0o0,0]). Note in particular that
K has non-empty interior. Then,

RyVyg(z) ifzxedK
Nor, K = ¢ 0 if x € int(K)
0 ifr g K

The notion of normal cone allows to generalize this construction for convex sets that
are not differentiable, e.g. polyhedra.

Ezample 4 (Hilbertian setting). In X’ is a Hilbert space, the dual space X* can be
identified by X itself thanks to Riesz’ theorem (i.e. any continuous linear form on X
is of the form (z | -), where z € X). Then, the normal cone can be characterized by

Nor, K ={ve X |3t >0, px(z+tv) = v},
where pg is the orthogonal projection on K.

Proposition 17. Let X be a topological vector space and let K C X be closed and
convex. Then,
(i) The normal cone Nor, K is conver and weakx closed for any x € K, and can
be characterized by x* € Nor, K <= og(z*) = (z* | x).
(i1) If K has non-empty interior, then for any x € 0K, Nor, K # ().

Proof. (i) The convexity and weaks closedness of Nor, K follows from the fact that
this set can be written as an intersection of weak* closed halfspaces:

Norg, K ={z* € X* |Vy e K,(z" |x —y) > 0} = ﬂ{(m*|>§<x*\x>}
yeK

The characterization of the normal cone follows from the definitions.
(ii) Let L = int K and let z € K. Since x ¢ L, the open convex set L and the point
x can be linearly separated (Corollary @: there exists £* # 0 such that

sup(z” [ y) < (2% | z).
yeL

This implies, by definition, that z* belongs to Nor, K. O

12



2 Convex functions

In convex analysis it is very common to encounter functions taking values in the
(half) extended real line R = R U {+o0}. They arise for instance when one includes
constraints directly in the minimized functional, i.e. if one replaces the problem

m}n 1
where K C X is convex, by the unconstrained minimization problem
min [ +ik,
where ig is the convex indicator function of K, i.e.

IK(:E) =

Oifr e K
+o00 if not.

This may seem like a formal trick, but this formulation is often of practical
interest, because it allows to solve constrained convex optimization problem using
general algorithms for minimizing the sum of two convex functions. More importantly
perhaps, convex functions taking the value 400 appear naturally one when considers
the Legendre-Fenchel conjugate. For instance, we will see that the Legendre-Fenchel
conjugate of a norm is the 0/ 4+ oo-valued indicator of the dual unit ball.

The set RU {400} comes with the intuitive calculus rules such a + (+00) = +00
for a € R, a x (+00) = 400 for a > 0. Often, one adopts the convention 0 x +o00 = 0,
so that 0 X ix is the zero function.

2.1 Definition and first properties

Definition 12 (Domain and epigraph). Let f: X — R. We call
(i) domain of f, denoted dom(f), the subset of X where f take finite values:

dom(f) = {x € X, [(x)  +o0};
(ii) epigraph of f the subset of X x R above the graph of f, i.e.
epi(f) = {(z,1) € ¥ xR; t > f(x)}.
A function f : X — R is proper iff dom(f) # 0, i.e. if f # +oo0.
Definition 13. A function f : X — R is convex if epi(f) is a convex subset of X' x R.

The relationship between this definition and the usual definition of convexity is
given in the next proposition.

Proposition 18. A function f : X — R is conver iff dom(f) is convex and if for
all z,y in dom(f) and all « € [0, 1],

F(A =)z +ay) < (1 —a)f(z)+ af(y). (3)
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Proof. Assume f is convex. Defining IIy : X x R — R as the (linear) application
IIx(z,t) = x, one has

dom(f) ={z € R[3t € R, (x,1) € epi(f)} = Mx(epi(f)),

Thus, dom(f) is convex as the image of a convex set under an affine application.
Moreover, for all z,y € dom(f), the points 2’ := (x, f(x)) and v’ := (y, f(y)) belong
to epi(f). Thus, by convexity of epi(f), one gets that for all a € [0, 1],

Y=(1-a)+ay =(1-a)r+ay,(1-a)f(@)+af(y)
belongs to the epigraph of f, giving . The converse is left as an exercise. O
The proposition belows give some examples of how to construct convex functions.

Proposition 19. (i) If (fi)ier is a (possibily uncountable) family of convez func-
tions, the function x — sup;cy fi(z) is also conver.
(ii) Let A: X — Y be affine, and let f be convexr on X. Then, f o A is conver.
(i1i) If fi,..., fn are convex and if A1, ..., Ay >0, then Zfil i fi s conver.

FExample 5. a. Let K C X and let ig : E — R be its indicatrix function, defined
by ig(z) =0if x € K and 400 if x ¢ K. Then, ix is convex iff K is convex.

b. Linear forms (even discontinuous) are convex.

c. Sublinear functions (e.g. norms, gauges, support functions) are convex.

d. The sublevel sets of a convex functions are convex sets. The reciprocal is false:
there exists non-convex functions whose sublevel sets are convex. For instance,
the sublevel sets of any mononotone function on R are convex. Functions with
convex sublevel sets are usually called quasi-convez.

e. Let A C X be a bounded subset of a normed space. The function z
supye 4 ||z — pl| is convex.

f. If f is convex and if K is a convex set, the function g = f + ix is convex.

g. The composition of convex functions is not necessarily convex: e.g. f(z) =z
and g(x) = —z are convex on R, but g o f is not.

2

Definition 14 (Strict convexity). A function f : X — R is strictly convez if it is
convex and if for all z # y € dom f and all ¢ €]0, 1],

F(A =tz +ty) < (1 —t)f(z)+1f(y) (4)

Remark 5 (Strong and semi-convexity). On a normed vector space, we will say that
a function f has convexity modulus w: R — R if for all 2,y € dom f and ¢ € [0, 1],

F(( =tz +ty) +t(1 - w(llz —yl) < (1 =) f(x) +1f(y) (5)

When w(t) = %tQ with a > 0, f is called a-strongly conver. If a < 0, f is called
a-semiconvez. Note that a semi-convex function is usually not convex.
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2.2 Lower semicontinuous convex functions

Definition 15 (Lower semi-continuity). Let X be a topological vector space. A
function f : X — R is called lower semicontinuous or lsc if for all a € R the sublevel
set lev<, f is closed, where

levey f={z e X | f(x) <a}.

Equivalently, f is Isc if the strict superlevel set levs, f is open for all a € R. Lower
semi-continuous functions are sometimes called closed in the literature.

Remark 6 (Continuity). A function f : X — R is continuous if the sublevel sets
lev<, and superlevel sets levs, are closed for all @ € R, or equivalently if the strict
sublevel sets lev., and strict superlevel sets levs, are open. Indeed, this openness
assumption implies that for all a < b,

f_l((a, b)) =levs, fNlevey f

is open, as the intersection of a finite number of open sets. Recalling that every
open set O of R is a (possibly uncountable) union of open intervals, we deduce that
f~1(O) is open, proving the continuity of f.

Proposition 20. Let X be a topological space, let f; : X — R be lower semicontin-
uwous functions indexed by some set I. Then,

(i) the function sup,c; fi is lower semicontinuous;

(i) if I is finite and if (N;)icr are positive, then Y ;. Nifi is lower semicontinuous.

Proof. (i) Let f = sup,c; fi. Then its sublevel sets
levea f = {z € X | Vi, fi(x) < a} = [ |lev<a fi,
el

are closed as intersections of closed sets.
(ii) We treat the case Card I = 2: let f1, fo be two Isc functions. Then,

levsa fi+ fo={z € X | fi(w) + folx) > a} = | levss fNlevs, fo,
t+s>a

is open as an (arbitrary) union of finite intersections of open sets. ]

We have the following alternative characterizations of lower semicontinuity. In
the following the product space X x R is always endowed with the product topology
(Definition [35)), i.e. a subset O C X x R is open if for all point (z,t) € O, there
exists an neighborhood N, of x in X and € > 0 such that N, x (t —e,t+¢) C O.

Proposition 21. The following properties are equivalent:
(i) the function f is lower-semicontinuous ;
(i1) the set epi(f) C X x R is closed ;
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In a metric space X, a function f : X — R is lower semi-continuous if for all x € X
and every sequence (Zy)n>1 converging to x one has
< lim inf .
f(z) < lim inf f(z5)

The limit inferior of a real-valued sequence (f,,) € RY, denoted liminf, o fn,
is the smallest cluster point of the sequence.

Proof. (ii) = (i): Assume that epi(f) is closed. Then, for all a € R, the sublevel
set of f can be written as

leve, f = Hx(epi(f) N X X [a,+00)),

i.e. the image under the continuous projection Ilx of the intersection between two
closed subsets of X x R. Thus, lev<, f is closed for every a and f is lsc.

(i) = (ii): We will show that the complement (X x R)\ epi(f) is open. Consider
a point (x,t) & epi(f), i.e. t < f(x), and let a € R be such that t < o < f(x).
Then, x does not belong to lev<, f, and by closedness of this set there exists a
small neighborhood N, around z so that N; Nlev<, f = (0. The set N, N (—o0, ]
is a neighborhood of (z,t) in X x R and it does not intersect epi(f), proving that
(X x R) \ epi(f) is closed.

The characterization in the metric setting is left as an exercise. O

Remark 7 (Lsc envelope). Let X be a topologAical space and let f : X — R. The
previous propositions shows that the function f defined by

f(x) =sup{g(x) | g: X > Rislsc and g < f}.

is lower semicontinuous; it is in fact the largest lower semicontinuous function below
f, called the Isc envelope of f.

Ezxample 6 (Indicator function). The 0/ + oco-valued indicator function iy of a set
A C X is lower semi-continuous iff A is closed.

Ezample 7 (Maximum of continuous linear functions). Any continuous linear form
z* € X* (and more generally any continuous function) is lower semicontinuous.
Since any supremum of lsc function remains lsc (Proposition , one deduces that
any function of the form

sup(z; | ) +1i,

el
is lower semicontinuous, where (x);cr is a (possibly uncountable) family of contin-
uous linear forms and where ¢; € R.

The next proposition asserts that for convex functions, weak and strong lower-
semicontinuity coincide. This is useful because typically much easier to prove that a
function is lower semi-continuous than to prove that it is weakly lower-semicontinuous.

Proposition 22. Let X be a locally convex topological vector space, and let f :
X — R be convex. Then f is lower semi-continuous if and only if f is weakly lower
semi-continuous.
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Proof. This follows from Proposition [I4} since the sublevel sets of a convex function
are convex, they are closed iff they are weakly closed. O

Example 8 (Norm). Let ¢ : R — R be a convex non-decreasing function, which we
assume to be lower semi-continuous. Then, f(z) := ¢(||z||) is convex and strongly
lower semi-continuous, and therefore sequentially weakly lower-semicontinuous.

Ezample 9 (An integral functional). Let © C R? be a bounded open set, let ¢ €
CO(R?) and assume that ¢(z) > a||z||” for some a € R and p > 1. Consider
X =L1P(Q), and for any v € X define

f(0) = [ dlofa)az € R

We first prove that f is (strongly) lower semi-continuous. In a normed space, f is
lower semicontinuous at v € X iff for every sequence (v,) converging (in norm) to
v € X one has f(v) < liminf, . f(v,). By a known result on L? spaces, taking
a subsequence if necessary, we may assume that v, converges (Lebesgue-)almost
everywhere to v. Applying Fatou’s lemma to  +— ¢(v,(x)) — a||vp(x)]|P > 0 we get

f(0) = allol = /Q lim  ¢(un(z)) — alon(z) | d

n—-+00

gliminf/gqb(vn(x)) — alon(@)|P dz

n—-+o0o
= liminf f(v,) — anli)l}rloo [vnll%

n—+oo

thus showing that f(v) < liminf, | f(v,), and establishing that f is strongly lsc.
If one assumes ¢ to be convex, then f is also convex, and by the previous proposition
we deduce that it is weakly lower-semicontinuous.

Definition 16 (Convex lsc functions). The set of lower-continuous convex functions
is denoted I'(X), and the set of proper lsc convex functions is denoted

Lo(X) = {f € I(&) [ dom(f) # 0}

Proposition 23. Let X be a locally convex topological vector space. If f € T'(X) is
convez Isc, then f is equal to the supremum of its affine minorant, i.e.

Ve e X, f(x) =sup{(z* |z) +b|2z* € X, beR s.t. f>(z"]|-)+b}.
Example 10. Let f(z) = ||z|| on a normed space. Then,
f(z) = sup{(z” | z) [ 2" € X" and [j2"]| < 1}.

Proof. If dom f = (), f is constant and equal to 400, so that there is nothing to
prove. Let us suppose that dom f # (), or equivalently that K = epi(f) is a closed
convex subset of X x R. Define

g(x) =sup{(z* |z) +b|2x* € X", beRst. f>(z"]|-)+b}.
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The function g is a supremum of functions below f, so that ¢ < f. We now prove
that g > f. For this purpose, we will prove that for all zyp in X and all ¢ty < f(z0),
one has g(zg) > to. Since tg < f(zo), the point (xg,to) does not belong to K, so
that we can strongly separate the closed convex set K from the compact convex set
{(xo,t0)} (Corollary [9). This means that there exists a continuous linear form on
X x R, which can be described by (z*,v) € X* x R such that

inf ¥l x) +tv > (&F | zg) + tov
L5 )4t (5 )+t

Taking (x,t) = (xo, f(x0)), we get in particular vf(xg) > tov, i.e. v(f(xg)—to) > 0.
Since f(xo) > to, we deduce that v > 0. Therefore, taking (x, f(z)) € epi(f) in the
previous inequality, we deduce

*

Ve e X, f(2) = (> |a0— )+t

By definition of g as the supremum of affine minorant of f, we get

x*

g(a) > (= |0~ a) + o,

In particular, g(zg) > to for any t9 < f(xo) so that g(x¢) > f(zo). O

Since an intersection of closed convex sets is convex and closed, we deduce
that a supremum of convex lower semi-continuous functions is convex lower semi-
continuous. This leads to the following definition.

Definition 17 (Lsc convex envelope). Let f : X — R be a function. Its convex
lower-semicontinuous envelope is defined by

convf =sup{g|g < fand g € I'(X)}.
By the previous proposition, we can also characterize conv f by

convf(z) =sup{(z* |z) +b|z" € X,beRst. f>(z*]-)+ b}

2.3 Application: Existence of minimizers

Examples in functional spaces For the next two examples, we will use the
Sobolev space W1P(Q), where  is a bounded open set of R? and p > 1. Roughly
speaking, an element of WP(Q) is a function u € LP(£2) such that for all 1 < i < d,
the partial derivative 0;u belongs to LP(2) in the sense of distributionsﬂ This Sobolev
space is a Banach space, when endowed with the norm

[ullfyrie = Ul o0y + 1Vl 0 ma)

'This means that there exists a function v; € LP() such that for all smooth and compactly
supported test function ¢ € C°(€2) one has fQ (0id)u = — fQ wv;. One then defines 9;u = v;.
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and a reflexive space when 1 < p < +00. We consider VVO1 P(Q) to be the space
of elements of © who vanish on 012, formally defined as the closure of C°(2) in
WLP(Q). Poincaré’s inequality asserts that there exists a constant C' such that

Yu € Wy (Q), [ullwrniq) < C VUl pa) -

When p = 2, these spaces are Hilbert spaces, and one denotes H'(2) = W12(Q) and
H3 () = W ().

Ezample 11 (Obstacle problem). Let X = H}(Q), K = {u € X | u > Va.e.} for
some ¥ € C°(2) and consider the minimization problem

min f(u) with f(u) = / IVu(z)|? dz.
ueK Q

Following Exercise[6] one can prove that K is closed, and this set is obviously convex.
In addition, the function f is strictly convex, so that the problem ming f admits
at most one solution. Let (ug)r>1 be a minimizing sequence, that is a sequence of
elements of K such that

i%ff: lim  f(ug).

k——+o0
We can assume, without loss of generality that (f(ug))r>1 is decreasing. Then,
Poincaré’s inequality implies that (uy)g>1 is bounded, so that by Banach-Alaoglu,
this sequence admits a weakly converging subsequence, with limit u. Since K is
convex and closed, it is weakly closed, so that u belongs. Finally, since f is lower
semicontinuous we have

f(u) < Timinf f(u) = inf f,

k—4o0

thus showing the existence of a minimizer
This example can be generalized as follows.
Definition 18 (Coercivity). A function f : X — R is coercive on a subset K of

a normed vector space X if for every sequence (z,)nen of elements of K satisfying
limy, 400 || n|| = +00, one has lim;, 4o f(z,) = +o0.

Proposition 24. Let X be a separable and reflexive space, let f : X — R be convex,
proper, lsc, let K C X be closed and convex, and consider the minimization problem

inf f(x).

rzeK

Then the minimum is attained, provided that one of the following conditions hold
a. the set K is bounded ;
b. or the function f is coercive on K.

The minimizer is unique if f is strictly convex on K.

Proof. Exercise. O
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Example 12 (A variational problem). On the space X' := I/VO1 P(Q)) we consider the
integral functional

flw) = [ o(u(e)ds,

with ¢ : R — R a convex continuous function satisfying ¢(v) > a|jv||” and a > 0.
Then, the minimization problem

inf f(u

ueX f( >7

admits a solution. To see this, consider a minimizing sequence, i.e. a sequence (uy)
of elements of X’ such that lim, o f(u,) = infy f. In particular, f(u,) < M for
some constant M > 0. By the assumption on f and Poincaré’s inequality, we deduce
that the sequence (uy)nen is bounded,

cr
tn Y100y < CPIVEURlIT 0 pay < —Flun) <

By Banach-Alaoglu’s theorem, taking a subsequence if necessary, we may assume
that the sequence (u,)nen admits a weakly converging subsequence, with weak limit
u. Then, as in Example [9] we know that the functional f is weakly lower semi-
continuous on X, so that

< T _ _
f(u) < liminf f(up) = lm f(un) = inf f,
thus showing that v minimizes f over X.

Example in spaces of measures In the next example, we work in the space of
Radon measures over a compact subset Q C R?, i.e.

M(Q) :=C()*.

Example 13 (Sparse spikes deconvolution). Consider a measure on the circle T :=
R/Z made of finitely many Dirac mass (called “spikes” in this setting), i.e.

= Z iy, .

1<i<N

The measure p is not known, but one has access to a blurry version of it, y =
®u € L2(T). More precisely, we are given a linear operator (typically a convolution
operator) ® : M(2) — L?(T), which we assume to be sequentially weak*-continuous.
The Beurling LASSO problem is the following optimization problem, for A > 0:

. 2
ok N2V = Yllizemy + AVl

We now show that this problem admits a solution. First note that g = |-||, and
h=|®() -y ||1%2(T) are sequentially weak* Isc : for g this follows from the definition
of the dual norm as a supremum, and for h this is by assumption. In addition, any
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minimizing sequence (v, )nen is bounded, ensuring by Banach-Alaoglu the existence
of a (not relabeled) weak*-converging subsequence, with limit v. Thus,

(g +h)(v) < liminf(f + g)(vn) = inf g + h.

Note also that g + h is a convex function, which is crucial for being able to solve the
minimization problem numerically, but we did not use this fact for proving existence.
In fact, since the space M(X) is not reflexive, we cannot apply Proposition

2.4 Continuity of convex functions

Proposition 25. Let f : X — R be convex on a topological vector space, and assume
that f is upper bounded on a neighborhood of x. Then, f is continuous at x.

Remark 8. Proposition [25|implies that if f is linear, then it is continuous at x if and
only if it is upper bounded (or lower bounded) on a neighborhood of . Proposition
may be seen as a generalization of the well-know characterization of continuity for
linear forms (Lemma [4).

Proof. Without loss of generality, we assume that x = 0 and f(z) = 0, and we let
O be a neighborhood of the origin and M > 0 so that f < M on O. Replacing O
by the intersection O N (—0O) if necessary, we may assume that O is symmetric, i.e.
O =—0. Let ¢ € (0,1) and let z € O := 0. Then, since z = (1 — )0 + 1z we get
by convexity of f

F(@) < (1= ) f(0) + ef(w/2) < oM.

Using 0 =1/(1+¢)z +¢/(1 +¢)(—x/e) we get by convexity of f

F0) < g fl@) + g f-a/e),

so that, using —z/e € O and f < M on O we get
f(x) = (1+)f(0) —ef(—z/e) = —Me.
We have proven that | f| < Me on O, thus showing continuity of f at 0. O
From now on, we denote
cont f = {x € dom f | f is continuous at x}.

Proposition 26. Let f : X — R be conver on a topological vector space. If there
exists an open set on which f is upper bounded, then cont f = int dom f.

Proof. Let O be an open set on which f < M, and let z € O. We will use this hy-
pothesis to prove that f is locally upper bounded near any point y € Q = int dom(f).
By openness of €, there exists ¢ > 0 such that z := y + t(y — =) belongs to Q. The
point y belongs to the segment [z, z], and more precisely

y=(1—-a)r+az

21



with o = 1/(1+t). The set Oy = (1 —a)O + az is therefore open (as the Minkowski
sum of an open set with a non-empty set) and it contains y. We now prove that
f <max(M, f(z)) on B := B(y, (1 — «)d). By definition of the Minkowski sum, for
all point w, € Oy, there exists w, € O such that w, = (1 — &)w, + az. Thus, using
f<MonO,

flwy) < (1= a)f(we) + af(z) < max(M, f(z)).

The function is then upper bounded in a neighborhood of y, and by the previous
proposition, it is continuous at y. O

Remark 9. The hypothesis that f is upper bounded is crucial. For instance, take f
a discontinuous linear form on an infinite-dimensional space X'. Then, dom(f) = X,
f is convex, but f is discontinuous at every point of X.

Ezample 14. Let X be a normed space, let K C X and assume that K contains the
ball B(0,r) for some r > 0. Let f = jx be the gauge of K. Then, |f| < 1/r on the
unit ball. The previous proposition implies that f is continuous on X.

Corollary 27. If f : X — R is convex and cont f # (), then cont f = int dom f.

Corollary 28. If X is finite dimensional, and f : X — R is convex, then cont f =
int dom f.

Proof. Take f : X — R convex. If dom(f) has non-empty interior, then there
exists points xi,...,o, in the interior so that K = conv({z1,...,2,}) also has
non-empty interior (take e.g. z1 € intdom(f) and xa,...,z, € intdom(f) so that
vect({x2 — x1,...,x, —x1}) = X). Moreover, since every element of K is a convex
combination of the points x1,...,z,,

Ve e K, f(x) < M =max f(x;).

We conclude using the previous corollary. O

In the remainder of this paragraph, we assume that X’ is a normed space. Then,
the continuity of convex functions can be improved into local Lipschitzness.

Definition 19 (Locally Lipschitz). A function f: Q C X — R is locally Lipschitz
on the open set 2 if every point in 2 has a neighborhood on which f is Lipschitz:

Vzg € 2,30 > 0,IM € R, Vza,y € B(zo,9), |f(z) — f(y)| < M ||z — y]|.
We start with the following intermediary result.

Lemma 29. Let f : X — R be convex and assume that |f| < M on B(zo,25). Then,
f s %—Lz’pschitz on B(xg, ).
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Proof. Let x,y € B(xo,9), and define o = ||z — y|| and z := y + g(y — ) which by
construction belongs to B(xg,2d). The point y is a convex combination of z and =z,

b/ n 1
v= 1—|—5/a$ 1+0/a
so that by convexity of f,
0/ 1
<

e, ) = £0) < 157 f @+ g7 )

We now use the upper bound on |f]:

2M 2M 2M

fly) = f(z) < 1+5/a§7a=7||x—yll-

We conclude by inversing the role of x et y to get the desired Lipschitz property. [
Combining Lemma [29] and the previous continuity results, we get:

Proposition 30. Let f : X — R be convex on a normed space. If cont f # (), then
f s locally Lipschitz in int dom(f).

Remark 10. The assumption that €2 is open cannot be removed. Take for instance
[z € [0,1] = —y/x. Then, lim, 0,20 f'(x) = —oo, so that f is not locally
Lipschitz at 0.
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3 Subdifferential

3.1 Directional derivatives

In this section we study the “algebraic” properties of the directional derivatives of
convex functions. All the properties hold for any vector space X, even without a
topology. Since we are only using the linear properties of the space, one shouldn’t
hope to get any information about regularity (even continuity) of the functions.

Definition 20. Given a function f : X — R, z € dom(f) and v € X, we define the
directional derivative as the following limit (if it exists):

(6)

Proposition 31. Let f : X — R be conver and let x € dom(f). Then, the directional
derivative f+(z;v) € RU {Foo} is well defined for any v € X and moreover,

o) — g Lo ) = 1)

e>0 )

(7)

Remark 11. The limit defining f*(x;v) can take the values +o0.

(i) Since the limit () can be replaced by an infimum (7)), one has f*(z;v) = +o0
if and only if the half-line {z + tv | ¢ > 0} does not intersect dom f. As a
consequence, if x belongs to the interior of dom(f), then f*(x;v) < +oc.

(i) It is easy to build examples of convex functions on R such that f*(z;v) = —o0
for some = € dom(f). (Exercise: find one.)

The proof is deduced directly from the following lemma, which is a well-known
property of 1D convex functions (slopes are increasing).

Lemma 32. The function ¢ € Ry — L(f(z +ev) — f(x)) is increasing.

Proof. Let eg > €1 > 0. Since z +e1v = (1 —e1/e2)x + €1 /ea(x 4 €2v), one has using
the convexity of f,

flz+ew) < (1 —ei/e2)f(z) +er/eaf(x +e20),
which gives the desired inequality. O

Proposition 33. Let f : X — R be convex. Then,
(i) If x,y € dom(f), then the following monotonicity property holds

Va,y € dom(f), fT(zy—x) < fT(y;y—2). (8)

(ii) If = € int(dom(f)), then fT(x,-) takes finite values only and is sublinear.
(iii) If z € cont(f), then fT(x,-) is a continuous sublinear function.
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Proof. (i) This properties directly corresponds to the fact that the slopes of convex
function on R are increasing.

(ii) We first prove finiteness. Let v € X. Since z € int(dom(f)), there exists
e > 0 such that z 4+ ev belong to dom(f). Using , we deduce that f(z,v) <
é(f(x—i—&?v) — f(x)) < +oo. Similarly, we have f*(z; —v) < +00. Now, by convexity
of f we have

f() =f<

m+€v+m—av
2 2

1 1
> < Sf(@+ev) + 5 f @ —ev),
and all terms are finite. Therefore,

flatev) = flz) , fle—ev) = fz)

9 9

Taking the limit ¢ — 0, we get f¥(z;v) > —fT(x; —v) > 400, i.e fT(z;-) is finite.
We now prove sublinearity of f(z;-). The definition directly implies 1-homogeneity
of f*(x;-), we therefore show subadditivity. Let u,v € X, and € > 0. Then,

x4+ 2w x+ 2ev
2 + 2

r+e(u+v) =

so that by convexity
S+ e+ ) = F(@)) < o (o + 2e0) — f(2)) + - (o + 260) — (@)

Taking the limit as € — 0 gives the desired inequality.
(iii) As f is continuous at x, it is bounded in a neighborhood O, of x. Then,
using , and setting O = O, — x, we have

Yo €O, f(w;0) < flw+v) = f(2) < max f — f(x).
This shows that f*(z;-) is bounded in a neighborhood of the origin. Since f*(x;-)
is convex (by sublinearity), we deduce from Corollary [27| that f¥(z;-) is continuous

on the interior of dom(f*(x;-), i.e. on the whole space since f*(x;-) takes finite
values only. O

3.2 Gateaux and Fréchet differentiability

Definition 21 (Gateaux-differentiability). A function f : X — R on a topologi-
cal vector space X is called Gdteauz-differentiable at x € dom f if and only if the
directional derivative v € X — f*(z;v) is a continuous linear form.

Remark 12. The notion of of Gateaux-differentiability is quite weak. For instance,
considerf : R? — R defined

£ 1if 21 # 0 and zo = 22
x1,x2) =
b 0 if not

Then, f*(0;-) = 0 so that f is Gateaux-differentiable at the origin. On the other
hand, f is not even continuous at (0,0)!
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Corollary 34. Let f : X — R be convex and let x € cont f. Then, [ is Gateaus-
differentiable at x if and only if f+(z;v) < —f*(x;—v) for allv € X.
(=~ iff the left and right derivatives at x coincide for any direction v)

Remark 13. The function v — f¥(x;v) can be linear and discontinuous, e.g. if f
is a discontinuous linear form. Note also that the inequality f*(z;v) > —f*(2; —v)
always holds, so that the hypothesis could be replaced by f*(z;v) < —f*(x; —v).

Ezample 15. Let f(z) = || on R, then f¥(0;1) =1and f7(0;—1) =1 # —f1(0,1).
This proposition follows directly from Proposition [33| and the following lemmas.

Lemma 35. A sublinear function g : X — R is linear if and only if g(v) < —g(—v)
forallv e X.

Proof. The direct implication is obvious, let us prove the converse. By sublinearity,
we have 0 < g(v) + g(—v), i.e. g(v) > —g(—v), so that the assumption implies
g(v) = —g(—v). Then,

g(v+w) < g(v) + g(w)

g(—(v +w)) < g(—v) + g(—w) = —g(v) — g(w),

where we used the assumption on the last line. Thus,

9(v) + g(w) < —g(=(v +w)) = g(v + w) < g(v) + g(w),

and all inequalities must be equalities; in particular g(v + w) = g(v) + g(w). Since
in addition we know from Proposition 33| that g(Av) = Ag(v), ¢ is linear. O

Definition 22 (Fréchet-differentiability). A function f : X — Ris Fréchet-différentiable
at x € dom(f) if it is Gateaux-differentiable at x and if

L ) = f@) = fHs )

v—0,0v£0 H v H

ie. flz+v) = f(x)+ fF(z;0) +o([[v]).

Remark 14. Fréchet-differentiability is the usual differentiability (and implies conti-
nuity). In general, Fréchet différentiability = Géateaux-différentiability = linear-
ity of v — fT(z;v). The converse implications are false in general, but is true when
[ is a convex function on a finite-dimensional space, see Section [3.6.2]

=0, (9)

3.3 Definition of the subdifferential and first properties

Definition 23 (Subgradient and subdifferential). Let f : X — R and zg € dom f.
A linear form z* € X* is called a subgradient of f at xg if

vy e X, fly) = f(zo) + (&" [y — wo).

The set of subgradients of f at xg is called the subdifferential of f at zg and is
denoted Of (zg). When zo & dom f, we set df(xg) := 0.

%% e ( f%‘p e, fippfln)r Ly Y
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Remark 15. When X is a Hilbert space or R%, we will often consider the subdiffer-
ential of a function at a point as a subset of X', using the isomorphism X* ~ X

Example 16. (i) Let f(z) = |v| = max(x, —x). Then,
{-1} ifx <0
of(z) = < {1} ifx>0
[-1,1] ifx=0

(ii) If f is defined on R? by f(z) = Zle g(z;) with g : R — R convex,
0f(x) = [ ] og(:).
Thus, if f(z) = > <;<n |z:i]- Then, denoting s(z) = 0 |-| (x),
of(x) =[] stx)
1<i<d
(iii) Let X be a normed space and let f(z) = ||z||. Then,
¥ € df(0) <=V e X, (" | z) < |z]| <= ||z*||, < 1

In other words, df(0) is the dual unit ball.
(iv) Let f(z) = —y/z on [0, +00[. Then, df(0) = 0 even though 0 belongs to dom f.
The last example, in the form of a proposition, makes the connection between
the notion of subdifferential and the notion of normal cone:

Proposition 36 (Subdifferential of indicator function). Let K C X be a convex set
and let x € K. Then, Oig(x) = Nor, K.

"o G%X% Proposition 37 (General properties). Let f : X — R. Then,
9 é% ) (i) (Fermat’s rule) f attains its minimum at xo € X if and only if 0 € Of (xo).
(11) (Convezity and closedness) Of (x) is weak*-closed and convex.
(11i) (Monotonicity) Vx,y € X,z* € 0f(x) and y* € 0f(y), (z*—y*|xz—y)>0.
(v) (Upper semi-continuity) Assume f is lower semicontinuous. Then, if (Ty, X} )neN
is such that z;, € 0f(xy), and if

strong . weak®
Typ —— x and x, ——— 2,
n—+oo n—+o0o
then x* € 0f(x).
. . weak stron,
(The same conclusion holds if instead x,, ———— x and STong, x*.)
n—+oo n—+o0o

Proof. (ii) This follows from the following representation of Jf(x) as an intersection
of weak* closed halfspaces:

Of () = [({z" € X | f(y) = flx) + (z" |y — z)}. 0

yeXx
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(iii) By definition of z* € df(x) and y* € 0f(y) we have

f(y) > f(x) + (2" |y —2) and f(x) > f(y) + ¥* |z —y).

We conclude by summing these inequalities.
(iv) Under the assumptions, we have for all y € X

fQy) = f(zn) + (25 |y = 2n)
= flan) + (2n |y —2) + (27 | 2 —2n) + (2, — 2" [ & — 1)

Taking the limit (or liminf) as n — 400, we get f(y) > f(x) + (z* | y — x), thus
showing that z* € 0f(z).

Theorem 38 (Subdifferential of convex functions). Let X be a locally convex topo-
logical vector space and let f: X — R be convex. Then,

(i) if x € dom(f), Of () = {a* € X" | fF(x;) = (2™ | )}

(i) if x € cont f, Of(x) is non-empty.

(111) if x € cont f and if X is a normed space, Of(x) is bounded w.r.t ||-||,.

(iv) if x € cont f, fT(z;v) = sup{{z* | v) | z* € Of (x)}.

(v) if x € cont f, then f is Gateauz-differentiable at x if and only if Of(x) is a

singleton {x*}, and then f*(xz;-) = (z* | -).

Remark 16 (Support function of the subdifferential). Let f € I'o(X') and = € cont f.
Note that we endowed X* with the weak* topology and that any weak+* continuous
linear form over X* is induced by a vector of X, i.e. (X*)* ~ X. The support
function of df(z) can therefore be defined as

Oof) Y EX = sup (z"[y) €R
z*€0f(x)

Then Theorem (38 immediately implies that oy, = f*(x,-), i.e. the directional
derivative can be thought of as the support function of the subdifferential.

Proof. (i) Let A be the second member of the equality. If * € A we have,

< flz+v) — f(z)

Thus, given y € X and letting v = y —x, we get (z* | y —x) < f(y) — f(z), implying
that x* belongs to 0 f(z). Reciprocally, assume that * € df(z). Then, for allv € X,
t > 0and y = = + tv we have (z* | y — z) < f(z + tv) — f(z). Dividing by ¢ and
using y — x = tv, we get

fla+to) - f@)

|0y < B

Since this is true for all ¢ > 0, we have as desired (z* | v) < fT(z;v), L.e. z € A

(ii) By Proposition the function g = f*(z;-) is convex and continuous, so that
by Proposition g is equal to the supremum of its affine minorant. In particular,
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g admits at least a affine minorant: there exists z* € A* and a € R such that
g(z) > (x* | x) +afor all z € X. Letting x = ty, we use the homogeneity of g to get

Yy € XVt >0, t((z" | y) +a/t) <tg(y).

Letting t — +00 we get g > (z* | ), so that, using (i), * € df(z) # 0.

(iii) To show that Of(z) is bounded, we use that since f is continuous at x, it is
L-Lipschitz near x for some L > 0. This directly implies that f*(z;v) < L]v||, so
that if * € 9f(z) we have (z* | v) < fT(x;v) < L|v||. By definition of the dual
norm, we get ||z*|| < L.

(iv) If z* € Of(z), one has f*(z;-) > (x* | ), giving

Yo e X, ff(z;v)>gw):= sup (z*|z).
z*€df(x)

We now prove the converse inequality. Let v € X\ {0} and define a linear form
on the 1D vector subspace V = Rv C X by setting ¢(v) = fT(z;v). The linear
form ¢ : V — R is bounded by the sublinear function f*(z;-) (by homogeneity),
so that by Hahn-Banach theorem ¢ can be extended into a linear form on & such
that ¢ < f*(x;-). As in (ii) one deduces that ¢ is continuous, and by (i) we get
¢ € Of(x). By definition of g we conclude that f(z;v) = (x* | v) < g(v).

(v) If f is Gateaux-differentiable at z, then ¢ := f*(z;-) is linear continuous, and (i)
implies that 0f(x) = {¢o}. Conversely, if df(z) = {z*} is a singleton, (iv) directly
implies that f*(z;-) = (x* | ) is linear continuous. O

3.4 Subdifferential calculus

In applications, one often encounters minimization of functions which are defined
as a sum, maximum, or composition of other functions with linear operators. It is
therefore of prime interest to study the effect of these operations on the subdifferen-
tial. We start with a very general and easy inclusion result. We recall the definition
of the adjoint operator:

Definition 24 (Adjoint). Let £(Y,X) be the set of continuous linear operators
between two topological vector spaces ) and X. The adjoint of A € L(Y,X) is a
linear operator between the dual spaces X'* and Y* defined by

A" e X = (ye Y (¥ | Ay)) € V*.
It is characterized by the property (A*z* | y) = (z* | Ay).
Proposition 39 (Inclusions). (i) for all function f,g: X — R and all z € X,
Of(z) + dg(x) € O(f + g)(x).

(ii) if (fi)ier is a family of functions from X — R, and f = sup,;c; fi, then for all
x € X, and I, := arg max;es fi(x),

conv | ) 0fi(z) C of (x).

1€l

29



(ii5) if f: X =R, A€ LV, X), and g = f o A then fory € ),
A*0f(Ay) € g(y)
Proof. Exercise. O

Remark 17 (A counterexample). We note that these inclusions may sometimes be
strict. For instance, consider f = i_, ) and g(¥) = —/z on for z > 0 and
g(z) = +oo for x < 0. Then, f + g takes value +00 everywhere expect at x = 0, so
that 9(f + ¢)(0) = R. On the other hand, dg(0) = (), so that 9(0) + dg(0) = (.

In order to avoid this counterexample, we need to assume that the domains of f
and g intersect non-trivially. Such assumptions are called qualification conditions in
the literature. The next theorem gives an example of such a qualification condition,
but there exists weaker conditions on Banach spaces (see e.g. Brézis-Attouch [ABS6])
or when X = R? (see [Roc70, Chapter 23]).

Theorem 40 (Moreau-Rockafellar). Let X be a locally convex topological vector
space, let f,g € To(X) and assume the qualification condition holds:

dom f Ncont g # .
Then, for all x € X one has
Of(x) + 0g(x) = 0(f + g)(=).
Proof. Let z € X and consider z* € d(f + g)(z). Thus,
Vye X, f(y) +9y) = flz) +g9(x) + (2" [y — ).
Setting f(y) = f(y) — (f(z) + g(z)) — (z* | y — z), this is equivalent to
vy e X, fly) > —g(y)-

Consider the set K = epi(f) and L = —epi(g) in X x R. Since cont(g) # 0, L
has non-empty interior, ensuring by Exercise [ that L is the closure of its interior
M := int L. As a consequence of the Hahn-Banach theorem (Corollary , there
exists a continuous affine function on X x R separating the disjoint convex sets K
and M, with M open. This means that there exists z* € X* and a € R such that

inf *|y)+at> sup (z*|y)+as= sup (" |y)+ as, (10)

(yHeK (y,8)eM (y,8)€L

where the last equality holds because L is the closure of M. Taking y = xo, t > f (o)
and s < —g(zo) in the previous inequality (so that t —s > f(z¢) — g(zo) > 0) gives

0<a(t—s),

which is only possible if &« > 0. We now rule out the possibility that « = 0. By
contradiction, assume that o = 0. Then, the separation inequality gives

inf (2" > sup (2% |y),
ot S \y>_y€doglg< | y)

30



i.e. dom f and dom g are linearly separated (note that z* # 0 since (z*,a) # 0 and
a = 0). This contradicts the assumption dom fNcont g = (). Thus, @ > 0. Replacing
z* by éz* if necessary, we may therefore assume that &« = 1 in the separation

inequality (10). With (z, f(z)) € K and (y, —g(y)) € L, this inequality gives
Vye X, (f|a)+ fla) 2 (=" |y) —g(y),
and since f(z) = —g(z),
Yy € X,9(y) = g(x) + (=" |y — x).

In other words, z* € dg(x). Applying again the separation equality but with
(y, f(y)) € K and (x,—g(z)) € L we get

Vye X, (z*|y)+ fy) > (=" |z)—g(z),
Using f(y) = f(y) — (f(x) + g(z)) — (a* | y — z) we get
vyeXa f(y)Z(:U*—z*|y—x>—|—f(x),

so that z* — 2* € 0f(x). Thus, 2* € O(f + g)(z) can be written as the sum of
z* € dg(x) and z* — z* € Of (x). O

Theorem 41 (Moreau-Rockafellar). Let f € T'g(X) and A : Y — X be a con-
tinuous linear operator between two topological vector spaces. Assume the following
qualification hypothesis holds:

cont f N A(Y) # 0.
Then, for ally € Y one has
I(f o A)(y) = A"0f(Ay).
Proof. Let y € Y, and y* be an element of d(f o A)(y). This reads
Vz €Y, f(Az) = U(z) == f(Ay) + (y" | z — y).

We introduce K = epi f and L = {(Az,4(z) | z € Y} which are two convex subsets
of X x R. Since the function f is continuous at some point in X, the set K has
non-empty interior and is therefore equal to the closure of its interior M := int K.
The convex sets M and L are disjoint thanks to the subdifferential inequality above
and the set M is open, so that by Corollary [7] there exists a non-zero continuous
linear form (z*,a) € X x R such that

inf (z*|2)+at= inf (x"|2)+at> sup (z*]|z)+ as.
(m)eK< | 2) W)eM< | 2) (x’s)eL< | )

We argue similarly as before to prove that « > 0. By assumption, there exists a point
yo € Y such that Ayy € cont f. Taking z = Ayg in the infimum and supremum and
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choosing t > f(Ayp) and s = £(yo), so that ¢ > s, we obtain that a > 0. Second, we
note that o = 0 implies that dom f and A) are linearly separated, a contradiction
with cont f N AY # (. Dividing 2* by « > 0 if necessary, we now assume that o = 1.
The separation inequality can then be rewritten as

Vee X Vzel, (o |x)+f(x) = (2" [ Az)+4(2) = (2" | Az)+ f(Ay)+ (" [ 2—y).
Taking z = y in this inequality inequality, we get
Ve e X, (z" | x) + f(z) = (27 | Ay) + f(Ay),
ie. —a* € 0f(Ay). Taking x = Ay on the other hand, we obtain
Vzel, (A" +y"ly—2) 20,
showing that —A*z* = y*. Thus, y* = A*(—z*) with —z* € 0f(Ay) as desired. [

Theorem 42 (Dubovitskii-Milyutin). Let X' be a topological vector space, let f1,..., fn €
Lo(X) and define f = supy<;<n fi- Then for all x € cont(f1) N...Ncont(fy), and

I, := arg max;er fi(z),
df(z) = conv (U (9fi(96)> :

i€l

A more general version of this theorem, where the index set is not finite but
compact is proven in [Zal02, Theorem 2.4.18].

Proof. We let K = conv (¢, 8fi(z)) € X*. For proving that 8f(z) = K we note

fH(z;v) = lim flattv) = J(@)

t—0,t>0 t

fz(l' + t'U) — fz(.%')

= lim max

t—0,t>0 iel, t
= max lim file + tv) ~ fi()
i€l t—0,t>0 t

_ + (.
= max fi(z;v).

Since the f; are continuous at x, the function f is also continous at x. Using Re-
mark [I6] the previous computation thus yields

90f(x) = WG T0fi()-

By Proposition we deduce that oy(,) = ok, and since both K and Of(x) are
convex and weak*-closed, we deduce from Proposition 16| that K = Jf(x). O
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3.5 Application: optimality conditions

3.5.1 Examples

Ezample 17 (Fermat’s problem). We consider the following minimization problem
;Ielil@ai |l — 1] + ...+ an ||z —zN],

where o, ...,ay > 0 and where z1,...,zx € R? are distinct points. The minimizer
of this problem is called a Fermat point. Putting f; = ||- — z;||, we have
T—XT; : .
fi(x) = ¢ lw=il o # o
B(0,1) ifx=ux
Since all the functions f; are convex and continuous, by Theorem
Q; ifed{xry,...,zN
darfi+...+aify) = ti iz} o—x; - t J
B(0,0[y)‘i‘zz#jaim lfl’:.ﬁU]

Thus, x is a Fermat point iff

(x =x; and Zo‘i < a;j)
or (x & {z1,...,vn} and Zaiﬂ =0.)
|z — 24|

Ezample 18 (Lasso problem). Let A a m-by-d matrix, y € R™ and v > 0. We
consider the following modification of the least-squared problem
—||Ax — + . <
min > || 4z —y|f5 + 7 [l Ao - 4{"7 o
Set f(x) = L [|Az — y|)3 and g(z) = ||z|,. Setting h = || we have
0f(x) = {Vf(x)} = {A"(Az —p)},
0g(x) = Oh(x1) X ... x Oh(xq)

Since these functions are continuous and convex, Theorem [40] gives I(f + vg)(x) =
Of(x) +v9g(x). Thus, x is a minimizer of the problem if and only if

AT(A:L, —y) = —yv where v satisfies vi = sgn(wi) 1 i
V; € [—1, 1] if z; =0

or in other words, letting A; be the ith column of A, x is a minimizer iff

[(A; | Az —y)| <~ ifx; =0
(A; | Ax —y) = ysgn(z;) otherwise

[(A; | Az —y)| < ifx; =0
(Ai | Az —y) = ysgn(z;) otherwise.

One can see from this example that the term ||z||; induces sparsity of the solution
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3.5.2 Karush-Kuhn-Tucker theorem

Theorem 43 (Variational characterization of optimality). Let K C X be a closed
convex subset and f : X — R be convex Isc, and assume that

(int K Ndom f # () or (K Ncont f # 0)).

Then, the following are equivalent :
(i) x is a minimizer of f on K ;
(i) —0f(x) N Nory K # 0.
(117) Jx* € Of (x) s.t.
Vye K,(x —y | —2z*) > 0.

Proof. The point x € X minimizes f on K if and only if it minimizes f + g with
g = ix. This is also equivalent to 0 € 9(f + g)(x). Since domg = K and cont g =
int K, the first hypothesis is equivalent to cont g N dom f # () and the second one is
equivalent to dom g N cont f # (). In either case, one can apply Theorem [40| to get

I(f+g)=0f(x)+ dixg = df(x) + Nor, K.

We deduce that z is a minimizer if and only if there exists x* € Jf(x) such that
—z* € Nor, K (this is (ii)) and the equivalence with (iii) comes from the definition
of the normal cone. O

Proposition 44 (Normal cone of sublevel set). Let g € T'g(X), let K = lev<og and
assume Slater’s condition:

K Ccontg
b
Then,
0 if g(z) <0
Nor, K = ¢ RTag(z) ifg(z)=0.
>0

0 if 9(x)

Proof. First we note that if g(x) < 0, then by assumption x € contg. Thus, g <0
on a neighborhood of x, which implies that ix is locally equal to zero. From this we
deduce that Nor, K = Oig(x) = {0}.

From now on we assume that g(z) = 0. We first prove the inclusion R*dg(z) C
Nor, K. Let z* € dg(x), so that

VyeX,g(y) = (=" [y —z) + g(z)
Multiplying this inequality by A > 0 we get

Vy € K,0 = Ag(y) = (Az™ [y — ) + g(),
=0

thus showing that Az* € Nor, K.
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Let us prove the converse inclusion Nor, K C Rtdg(x). Let z* € Nor, K. By
definition of the normal cone, for all y € K one has (z* | x) > (z* | y), implying that
K is included in the complement of the closed half-space H = {y € X | (z* | y) >
(z* | ) > 0}. This in turns implies that g > 0 on H, so that x minimizes g over H.
Since x € cont g N dom(ifr), we can apply the subdifferential sum rule:

0€d(g+iyg) = 0g(x) +RT{—z*}.

In other words, there exists y* € dg(x) and A > 0 such that Az* = y*. Note that A
cannot be zero since x is not a minimizer of g. Then, z* = %y* as desired. O

Theorem 45 (Karush-Kuhn-Tucker). Let f, g1,...,9n € I'o(X) let K =), ;< v lev<o gi,
and assumes that Slater’s condition
{leVSOgi C int dom g; Vie{l,...,N}

11
dom fNleveggr N...Nleveggy # 0 1

hold. Then the following are equivalent:
(i) = is a minimizer of f on K ;
(i1) there exists A\1,...,An > 0 such that

0€df(x)+ Aogi(z) + ...+ AnvOgn(x)

)\igi(m):O ViE{l,...N}
Remark 18. If the functions g; are continuous, the first hypothesis in Slater’s condi-
tion automatically holds.

Remark 19 (Lagrange multipliers). The scalars A1, ..., Ay whose existence is given
by the theorem are called Lagrange multipliers. If A1,..., Ay are as in the theorem,
we directly obtain that  minimizes f+A1g1+...+Angn over X. Thus, knowing the
Lagrange multipliers allows to replace the constrained optimization problem ming f
by an unconstrained problem.

Proof. We consider K; = lev<gg;. The second assumption’s in Slater’s condition
ensures that there exists a point in dom f in the interior of the sets K, i.e.

dom f Ncont(ig,) N...Ncont(ig, ) # 0.
Applying Theorem [0] recursively, we obtain
O(f +ik, + ... +iky)(z) = 0f(z) + Oik, (x) + ... + Oik, (2)
= 0f(x) + Nory K1 + ...+ Nor, Ky,

so that € K minimizes f on K iff there exists * € df(z) and z} € Nor, K; such
that —z* = 2] + ... + 2. Since in addition for x € K, we have

R*0gi(z) if gi(z) <0
{0} if not

i

Nor, K; = {

we get that o7 = Ny with y € dg;(x) and A\; = 0 if g;(x) < 0 and A\; > 0 if not, as
desired. O
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3.6 Differentiability almost everywhere

Motivation Given a compact convex domain K C X and z* € X*, we consider
the following linear programming problem:

sup (" | ) (12)
zeK

We denote f : z* € X* — R the value function of this problem, i.e. f(x*) is the

value of the maximum in the previous definition. In other words, f is the support

function of K. Then, f is convex and if x is a solution to (12)), i.e. if x € K and

f(x*) = (x* | x), one has

FHa® o) = lim S (FF (@ +ev”) — f(@)

e—0 €

1
> lim —((z" +ev” [ 2) — (2" [ 2)) = (v | )
e—=0¢
It is often useful to know whether has a unique maximizer. Suppose that there
exists ¢ # y € K such that f(z*) = (2* | ) = (z* | y). Then, as before,

FH",v") = max((v” | @), (v" | ).

This shows that the application v* € X* — fT(z*;0*) is not linear, so that f
is not differentiable at z. Thus Gateaux-differentiability of f at z* implies the
uniqueness of the minimizer to the linear programming problem . If we prove
that f is Gateaux-differentiable “almost everywhere”, we get that the problem (|12))
has a unique solution for “almost every” linear form z* € X*. (Note that this last
property is quite intuitive when K is a convex polytope in Rd.)

Remark 20. Characterizing the non-differentiability locus of convex functions also
has applications in optimal transport [M™795|, in optimal control [CS04], etc. There
exists many results on the “size” of the non-differentiability locus of convex functions,
both in finite [AAC92] and infinite dimensions [BV 10, §4.6].

On R, convex functions are differentiable almost everywhere thanks to the fol-
lowing proposition.

Proposition 46. Let f : R — R be convex. Then, there are at most a countable
number of points in dom f where f is non-differentiable.

This proposition is false in higher dimension, consider e.g. f(x1,z2) = |z1| on R2.

Proof. Consider f! (z) = f*(z;1) et f(x) = —f*(x, —1) the right and left deriva-
tives. These functions are increasing (exercise) and for all x < ¢ in dom(f),

f ) it LW I Sao) — @)

y>z Yy—T - o — X

< fL(x0),

thus showing the inequality

lim f(x) < fL(x0) < fl (o).

I‘)CL‘O
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The function f is differentiable at x¢ if and only f’ (z0) = f (xo). Thus, if f is not
differentiable at x¢, the right derivative f} has a jump at zo:

lim fi(z) < fi(xo).

I—>x0

One concludes by using that an increasing function can only have a countable number
of jumps. O

3.6.1 Gateaux-différentiability almost everywhere

Theorem 47 (Mazur). Let X be a separable Banach space and let f : X — R be
continuous and convex. Then, f is Gateauz-differentiable on a dense subset of X.

To prove this theorem, we start by considering a dense sequence (vp)n>0 in X,
which exist thanks to the separability assumption. Then, we introduce the sets

Apn ={z € X | fH(@,v0) + [T(@,—va) > 1/m}, A= (] Amn  (13)

m,n>1

The sketch of the proof is as follows:
a. First we prove that f is Gateaux-differentiable on X\ A;
b. Second, that all sets A,, , are closed and have empty interior.
Then, by Baire’s theorem, we know that A has empty interior (i.e. X'\ A is dense).

Lemma 48. The function f is Gateauz-differentiable on X \ A.

Proof. As f is continuous on X, by Corollary

f is not Gateaux-differentiable at x € X
— e X, fT(z,v)+ fH(z,—v) >0
— e X, Im>1, fH(z,0)+ fH(z,—v) >2/m
= Im,n>1, fH(z,v,) + [T (z, —v,) > 1/m
—=ze€A,, CA,

where we used the continuity of the map v — f*(x,v). O
Lemma 49. The set Ay, defined in 15 closed.

This is a consequence of the following proposition, showing that for any v € X,
the directional derivative fT (-, v) is upper-semicontinuous. Then, f* (-, v)+f1(:, —v)
is also usc, and A,, ,, is closed as a superlevel set of a usc function.

Lemma 50. Let f : X — R be convexr and let x € cont(f). Then, for any sequence
(Tn)nen converging to x, one has f+(z,v) > limsup,_, o [ (2g,v).
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Proof. By convexity and continuity, f is M-Lipschitz in a neighborhood of x. With-
out loss of generality, we assume that the sequence (x,)nen remains in this neigh-
borhood. Let € > 0. Using the Lipschitz property, we get

(f(wg +ev) — f(or) — 2L ||z — 21|)

2Lz — x|
9

> f+ (xka ’U)
Taking the infimum on the left-hand side we get

fH(x;0) > limsup 7 (ay, v). O

k—o0
Lemma 51. The set A, defined in has empty interior.

Proof. Assume that the interior of A,,, contains a point z, i.e. there exists » > 0
such that B(z,r) C Ay, . Let 24 := x4+ tv, and g : t € [0,7] — f(at). Then,
vt e [0,7’], _f+(xt7_vn)+1/m§f+(xtavn)
= Vt € [0,7], g is not differentiable at ¢

This contradicts Proposition [46] which shows that the non-differentiability set of g
is countable. O

3.6.2 Fréchet-differentiability almost everywhere on R?

The behaviour of convex functions on R? is much simpler than on infinite-dimensional
spaces. Let f: RY — R be a convex function and let 2 € cont f. We will prove the
following chain of implications:

admits partial derivatives (ﬂ x >
f p 867L( ) 1<i<d

— the application v — fT(z;v) is linear
= f is Gateaux-differentiable at x
= f is Fréchet-differentiable at z

From this, we will deduce that a convex function f : R* — R is a.e. differentiable
on its domain.

Proposition 52. Let f : R — R be conver. If f is Gateaux-differentiable at x €
int(dom(f)), then f is also Fréchet-différentiable at x.

This proposition follows from the next lemma and from the fact that f is locally
Lipschitz around =x.

Lemma 53. Let f : B(z,7) C R? — R be convex and Lipschitz. Then, f is Gateaua-
differentiable at x iff it is Fréchet-différentiable at x.
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Proof. Let S be the unit sphere of R¢. By compactness, for all ¢ > 0, there exists
a finite family of vectors (v;)i1<i<ny of S such that S C U;B(v;,e). By Gateaux-
differentiability of f at x, for all i, there exists §; such that

Vt € [=0;, 05, ||[f(z+tvi) — (f(z) +tfF(z50))]| <elt]

Consider 0 := min; §; > 0. By construction of the (v;), for all v in S, there exists
i €{1,...,N} such that ||v; — v|| < e. Then, using that f is Lipschitz (which implies
that f*(x;-) is also Lipschitz), we have

1f (@ +tv;) — fz+to)|| < M t|e
| (a5 08) = fH (a5 0)|| < Mt e

Thus, for all v € S and all || <4,

Hf(w—i—tv)—(f( )+ tf T (z30)) Hng (x + tv;) — (f(:c)+tf+(:c;v))H+2M€|t|
< (2M + 1)e|t]

Equivalently (by homogeneity of f+(x;-)) we have for all v € R?, |[v]| < 4,
[f(z +v) = (f(x) + f ¥ (z;0)]] < (2M + e o]l
thus showing that f is Fréchet-differentiable at x. O

Proposition 54. Let f : R — R be convex. Then, f is Gateauz-differentiable at
x € int(dom(f)) iff it admits partial derivatives at x.

Lemma 55. Let g : R* — R be sublinear. Then, the set
V={veR!| ff(zv) = —f(z;-v)}
is a linear subspace of RY.

Proof. The fact that V is stable by multiplication by a scalar follows from the homo-
geneity of g. By sublinearity, 0 = g(u+(—u)) < g(u)+g(—u), so that —g(—u) < g(u).
Let v,w € V. We have

gv+w) < g(v) + g(w) = —g(—v) + —g(~w) < —g(—v —w) < g(v + w),

where we used sublinearity to get the first and second inequality, the definition of
V to get the equality, and the property —g(u) < g(—u) to get the third inequality.
This shows that v +w € V, proving that V is a linear subspace. ]

Proof of Proposition[54. The function f is locally Lipschitz near z and g = f1(x;) is
sublinear. Let V := {v € X' | g(v) = —g(—v)}. By the previous lemma, V' is a linear

subspace of X. Since the partial derivatives exist, we have f*(z;—e;) = —f1(x;¢;)
for all basis vector e;, thus showing that e; € V for all i. Therefore, V = X and
f1(z;-) is linear. O
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Theorem 56. Let f : R® — R be a convez function. Then f is Fréchet-différentiable
at a.e. point in int(dom(f)).

Proof. Let A be the non-diffentiability locus of f in € := int(dom(f)). By Proposi-
tion [54] the set A is contained in the union of the sets

0

A; = {x € Q| of does not exist :c} :
ﬁei

Therefore, to show that A has zero measure, it suffices to prove that all of the sets

A; have zero measure. Without loss of generality, we assume that i = n, and we

consider ¢ the indicator function of A,,. By Tonelli’s theorem,

AMAy) = - qﬁ(a:)da::/Rn_l/Rng(y,xn)dxndy

However, for all y € R"~! ¢ s ¢(y,t) is the non-differentiability locus of the 1D
convex function ¢ € R — f(y,t). By Proposition B, is countable, and therefore
has zero Lebesgue measure, thus concluding the proof. O

Remark 21. In fact, one can prove that the non-differentiability locus of f : R — R
has Hausdorff dimension d — 1, and it is in fact a rectifiable set of dimension < d—1.
This means that S can be covered, up to a set with zero d — 1-Hausdorff measure,
by a countable union of Lipschitz maps (¢, )nen With ¢; : R — R [AAC92|. This
fact is used, in optimal transport, to give a characterization of pairs of measures for
which there exists an optimal transport map, see e.g. [MT95].
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4 Proximal operator

In this short chapter, we assume that X is a Hilbert space, which we identify with its
dual. We introduce the proximal operator, which is a basic building block of many
first-order methods for minimizing non-smooth convex functions. We recall that a
function f : X — R is coercive if lim 4|00 f(2) = +00.

4.1 Definition and properties

Definition 25 (Proximal operator). The prozimal operator associated to a function

Ezxample 19 (Projection). If K is a closed convex subset of X and f = i¢, then for all
v > 0 one has Prox,i,x = px(x). The proximal operator generalizes the projection
on a convex set, and shares some of its properties.

Proposition 57. Let f € I'o(X) and v > 0. Then,
(i) The minimization problem

1 2
min o lz =yl + f(¥),
has a unique solution, implying that Prox,y is well defined.
(it) The point p = Prox, f(x) is characterized by the relation x € (id +~0f) (p).

(iii) The point x minimizes f on X iff x = Prox, f(x);

Proof. Let g = % |z —-||* and h = f+g¢. (i) The function h belongs to Io(X). Since
f eTo(X), fis equal to the supremum of its affine minorants (Proposition , SO
that in particular it admits an affine minorant: there exists * € X and « € R such
that f > (z* | -) + a. Thus,

1
h=F+g2|)+at oz,
2y
from which we deduce that h is coercive. In addition, h is strictly convex as the
sum of a convex and a strictly convex function. By Proposition [24] we deduce that
h admits a unique minimizer.

(ii) Applying Theorem [0 on the subdifferential of a sum of two functions, which we
can use since cont(g) = X and dom f # (), we see that p = Prox,¢(z) if and only if

0€a(f+9)(p) = 0f(p) + i {p— 2} < € (id +10f) (D).

(i) The point x minimizes f if and only if 0 belongs to d[yf](x) = vdf(x), or
equivalently if x belongs to (id + ydf)(x). O
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Ezample 20 (Proximal of ¢! norm). Let h: R — R,z ~ |z|. Then,

-1 ify<o0 y—7 ify<0
Oh(y) = [-1,1] ify=0 = (id+~0h)(y) = { [=7,7] ify=0.
1 ify>0 Y+ ify>0

By the characterization given in the previous proposition, we get
x—vy ifx>n
Prox,n(xz) = ¢ 0 if —y<z<y
4y ifzx<—n.
Thus, Prox,, is exactly the so-called soft thresholding operator

r) r—ysgn(r) if |r] >~
s-(r) = .
7 0 otherwise

already introduced in Example [18 If X = R™ and if f(z) = ||lz||; = >, =], then

1 2 o1 2
min — ||z — + = min —(x; — ¥;)° + (¥l ,
Jen 2y |z —yllz + f(y) 1<§,~<nyi€1R 27( i = ¥i)” + |yl

so that Prox, f(z) = (sy(z1),...,sy(zp)).

4.2 Proximal point algorithm

By Proposition minimizing f is equivalent to finding a fixed point of the proximal
operator. This suggests the following minimization algorithm:

cx
o (PPA)
Tn+1 = PrOX’yf(xn)

This algorithm is called the prozimal point algorithm. It has been originally in-
troduced by Martinet [Mar70, Mar72| in the 1970s, and was later generalized by
Rockafellar [Roc76]. Before proving the convergence of this algorithm, we list a very
useful property of the proximal operator.

Definition 26 (Firm non-expansiveness). A map T : X — X is firmly non-ezpansive
it it satisfies one of the following equivalent conditions

(i) Yo,y € X, |T(x) - T(y)|” < (T(x) = T(y) | - y)

(ii) Va,y € X, ||T(z) = TW)|* < llz = yI* = (& = T(x)) = (y = T(y))|

To see that these two conditions are equivalent, it suffices to remark that

(e = T()) = (y = T = llz = yl* + 1T (x) = T(W)* = 2z — y | T(x) = T(y)).

Note that a firmly non-expansive operator is 1-Lipschitz — but firm non-expansiveness
is a stronger property.
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Proposition 58. Let f € T'o(X) and let v > 0. Then
(i) The point p = Prox, f(x) is characterized by the inequality

Vge X, i<m—p|q—p> < i) - 1)

1) The operator T : x > Prox. f(x) is firmly non-expansive.
(it) P Y y D

Note that (i) is a generalization of a well-known characterization of the projection
of a point on a convex set.

Proof. (i) The point p = Prox) f(x) is characterized by = € (id +~9f)(p) or equiva-
lently by %(x —p) € 0f(p). This is equivalent to

Vge X, flq) > f(p)+,1y<w—p\q—p>-

(i) Let 1,22 € X and let p; = Prox, f(x;). We apply the inequality form (i)
using first x = x1, p = p1 et ¢ = po and then switching the roles:

f(p2) — f(p1) = —(x1 —p1 [ p2 — p1)

f(p1) = f(p2) = —(x2 —p2 | p1 — p2)

D=2

Summing these inequalities and multipliying by v > 0, we obtain

Ip2 — p1l|* < (p1 — pa | ©1 — 2). 0

We note that since T' = Prox, f is merely 1-Lipschitz, we cannot deduce the
convergence of the proximal point algorithm from Picard’s fixed point theorem (one
would need T to be k-Lipschitz for some k < 1). However, the property of non-
expansiveness allows prove convergence of the PPA.

Theorem 59 (Martinet). Let f € T'o(X) and assume that f is coercive, meaning
that 1im)|z)| - 40 f(z) = +o0. Then, the sequence of points generated by the proximal
point algorithm (PPA)) weakly converges to a global minimizer of f.

This theorem is a direct consequence of the next theorem about firmly non-
expansive operators, where where we have set T' = Prox, ;. Note that by assumption,
f has a minimizer, implying that the set of fixed-points of T" is non-empty

Fix(T)={z € X | T(z) =z} # 0.

Theorem 60 (Martinet). Let T be firmly non-expansive and such that Fix(T) # (.
Then the sequence defined by x, 41 = T(xy,) converges weakly to a fized point of T

A modern proof of this theorem placing it in the general setting of fixed point
iterations for a-averaged operators can be found in the book of Bauschke and Com-
bettes [BCT11]. We nonetheless present the original proof of Martinet, which is
self-contained, for the completeness of these notes.
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Proof. Step 1. We first prove that the sequence (x,)nen is bounded and that
lim,, o0 || Zn — Tnt1|| = 0. Let ¢ € Fix(T'). Firm non-expansiveness gives:

T2y = Te|? < llon — el® = (20 = T(xn)) = (¢ = T(e)*
Using Tz, = 2541 and T'(c) = ¢, we deduce that
lzn1 = ell* < llzn — ell* = llzn — @nra]l”.

The sequence ||z, — ||, is therefore decreasing and bounded from below, and thus

admits a limit. This gives ||z, — Zn11]® < |0 — ¢l|* = [|2ng1 — ¢ — 0.
n——+0o00
Step 2. We prove that every weak cluster point Z of (z,,)nen is a fixed point of T

First, we note that
12 N ")
ln =T(@D)|I" = l|zn =2+ 2 - T(z)|
—112 — —\ (12 _ ) = _
= llzn — 2" + 2 - T@)|" - 2(zn — 2 | T - T(2)),
Second, using that x,4+1 = T'(x,) and that T is 1-Lipschitz we get
[2n = T(@)[| = llzn — Zns1 + 201 — T(@)|
< lon = zna || + 1T (2n) — T(Z)||
< ||$n - xn—i—l” + "$n - jH )
Combining these computations, we therefore get
|z =T (@) = llzn — T@)|* = |lzn — 2| + 2(z, — 2 | 2 — T(2))
< (lzn = zgall + llzn — 2))° = llzn — 2] + 2(20 — 2 | 2 - T(2))
n——+00

= ||z — @na1” + 2 [len — znsall 120 — 2| + 2z — 2 | 2 - T(2)) = 0.

Note that we have used Step 1. to prove that the first two terms converge to zero
and the hypothesis that  is a weak cluster point to control the last term.

Step 8. Let ¢1 and cg be two weak cluster points of the sequence, which by Step
2 belong to Fix(T). By Step 1, we know that [|z,41 — ¢i||* < ||lzn — ¢, implying
that the sequence

9 9 2
|z ll” = 2(xn | ci) = |on — cl|” = [l

is decreasing and therefore converging. Substrating these sequences for ¢ = 1 and 2,
we see that

(lzall* = 2(za | 1)) = (l2all® = 2(@n | ¢2)) = 2(za | 1 = c2)

is converging. Since c¢; and cy are weak cluster points of x,, we obtain by taking
limit over the corresponding subsequences

(c1]e1—e2) =(c2]c1—ca),

implying [le1 — e2||> = 0, i.e. ¢1 = ¢o. The sequence (i,)n>1 is bounded and has a
unique weak cluster point, and is therefore weakly converging. O
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5 Convex duality

In this chapter, all spaces are supposed to be locally convex topological vector spaces.

5.1 Convex conjugate

Definition 27 (Convex conjugate). Let f : X — R be a proper function on a space
X. Its convexr conjugate or Legendre-Fenchel transform is the function f*: X* — R
defined by

fH (@) = sup(z” | z) — f(x).
zeX
Note that since f is proper, there exists x € dom( f) implying that f* > (- | ) — f(z).
In particular, f* never takes the value —oo.

Example 21. We start of a few examples of conjugate functions.
a. Let A be a non-empty subset of X, and let i4 be its indicator function. Then,

Vot e X*, 15(2%) = sup(z” | x) —ia(x) = sup(z® | z) =04
TEX z€EA
One can therefore think of the Legendre-Fenchel transform as a generalization

of the support function.
b. Let f = ||.|| be the norm on X'. Then,

Vit e X%, ff(x7) = sup(z” | z) — |||
TEX
If [[z*]] > 1, by definition there exists x € X such that (z* | ) — ||z| > 0.
Multiplying = by A, one can see that f*(z*) = +oo. On the other hand, if
lz*|, <1, (z* | ) — ||z|| < 0 with equality when x = 0. Thus, f*(z*) = 0.
Finally, f* is the indicator function of the unit ball in A™*.
c. Let f = (2*|-) be a continuous linear form. Then,

0 if * = z2*

+o0o if not.

fH(@%) = sup(z® — 2" | x) = {
zel
ThllS, f* = Z{z*}
d. If f(z) = % |z|” on R with p € (1, +00), and if we identify the dual space with
R, one can verify that f*(y) = % ly|? where % + % =1.

Proposition 61 (Basic properties). Let f : X — R be proper. Then, the following
properties hold

(i) |Fenchel-Young|: V(x,z*) € X x X*, f(x) + f*(«*) > («* | x),

(ii) f*(0) = — inf f,
(1i3) f* is conver and weak* lower semicontinuous,

(i) if in addition f € To(X), then f* € To(X*).
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Hypothesis Conclusion Remark
f(z) < g(x) fr(@”) = g7 (")

g9(z) = ic(x) g*(x*) = oo (z")

g(x) = |z| g*(x) = ip(o,1

g(x) = ||zl g (x) = ||lz* [ H = Hilbert
g(x) = (z" | ), 2" € X* g (") = gz (a¥)

g9(x) = f(Az), A #0 g*(a™) = fr(z"/A)

g(@) = Af(x),A >0 g (@™) = Af*(a*/X)

g(x) = flx+0b),be X g (") = f*(x") = («" | b)

Table 1: A few examples of convex conjugates.
Ezample 22. Holder inequality: with f(z) = % |z[” on R, we have :

ry < f@) + F(y) = ; 2l + ; j2]°

Summing, we get for all z,y € R, such that |z[|, = [ly[l, = 1,

n
1 1
(@|y) = wwi < o 1l + 2 Myl = Nzl lyll,
i=1

By homogeneity, this inequality remains true for all x,y € R™.

Proof. (iii) These properties hold because f* is a supremum of functions of the form
z* — (z* | ) — f(x), which are convex and weak* continuous.

(iv) If f € T'o(X) then by Proposition [23] it is equal to the supremum of its affine
minorants. In particular, there exists z* € X* and a € R st. f > (z* | -) + o
Therefore, f*(x*) = sup,cp(e* | ) — f(x) < supgep(e® —2* | 2) — a < —q, so that
f* is indeed proper. O

Definition 28 (Biconjugate). The convex biconjugate of a function f : X — R is
the function f** on X defined by

(@) = sup (2" | z) — f*(z7).

T*eX*

(In other words, f** is the restriction of (f*)* : (X*)* — R to the base space X,
which one regards as a subset of X** through the canonical isomorphism.)

Theorem 62 (Fenchel-Moreau). Let f : X — R be a proper function. Then, f** is
the lower semicontinuous convex envelope of f (Definition .'

[ =convf,

In particular one always has f** < f, with equality if and only f € To(X).
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Proof. We first prove f** < f. By Fenchel-Young, for all x € X and z* € X" we
have f(x) + f*(«*) > (z* | ). Applying this inequality in the definition of f** we
obtain

(@) = sup (2" | z) — f*(a7) < f(2).

T*EX*
Since in addition is convex and lower semicontinuous, we deduce from the definition
of convf that f** < conv(f). To prove the converse inequality, we use that conv f
is equal to the supremum of the affine minorants of f. It is therefore sufficient to
prove that f** is larger than any affine minorant of f. Consider z* € X* and o € R
st. f>(zf|-)+ a. Then,

fr(@®) = sup(a” | ) — fz) <sup(a” [ z) — ((2" [ 2) + @) = —a.
TEX TEX

Thus,

Vee X, f™(x)= sug (" z) = f ) > (" |x)— ffa")=(z" |x)+a. O
ZreXx*

Theorem 63 (Subdifferential and conjugation). Let f : X — R be proper. Then,
for any x € X and x* € X* the following two conditions are equivalent:
(i) z* € Of(z) ;
(ii) f(x) + f*(a*) = (z" | 2)
If in addition f belongs to T'o(X), then (i) and (ii) are equivalent with
(iit) x € Of*(z*) ;

Proof. (i)<= (ii) A linear form z* belongs to df(z) if and only if

VyeX, fly) = fla)+ " |y —a) <= VyeX, @ |y — fly) < (@[ z) - f(z)

— [f(z%) = Sgg(ﬂ?* ly) = fy) < (@" [ 2) - f(2)

= [Ha") + flx) < (27 | x)

Since Fenchel-Young’s inequality asserts that f*(z*) + f(x) > (2* | ) always holds,
we get the equivalence between (i) and (iii).
(i)<= (iii) Since f € T'o(X), we know from Fenchel-Moreau that f** = f. Therefore,

z* € 0f(z) <= f(z) + f*(2") = (2" | z)
= ["(2) + (@) = (2" | 2)
— z € df* ("),

where we applied the equivalence between (i) and (iii) to the function f*. O

Ezxample 23 (A sufficient condition for Gateaux-differentiability). Let f € Io(X). If
f* is strictly convex, then f is Gateaux-differentiable in cont(f).
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Proof. Let x € cont(f). To show that f is Gateaux-differentiable at x it suffices to
establish that Card 0f(z) < 1. Assume by contradiction that there exists zj§ # =7
such that xf, 7 € 0f(x). By convexity of 0f(z) one has zj = (1—t)x{+tx] € df(x)
for all ¢ € [0, 1]. Thus, using the previous proposition,

vt €0,1], f(x) = (p | x) = f*(27) = (20 | @) — [ (25) = (271 [ ) — f*(2]).
Therefore, f* is not strictly convex on [zf, 7). O
Ezample 24 (Prox of conjugate). Let X’ be a Hilbert space and f € T'g(X). Then,

Vo € X, Proxy(z) + Proxy«(z) = . (14)
Proof. Let p = Prox(x). Then, by definition,

z e (id+0f)(p) = v —pecdfip)
< pedfi(z—p)
< zex—p+0f(zr—p)
<=z — p = Proxf*(x). O

Remark 22. Eq. generalizes the formula x = proj, x + projy 1z, where V4tis
the orthogonal of the subspace V' C X. See Exercise [27] for a generalization of this
formula to convex cones.

5.2 Perturbations of convex problems

This section is inspired by the presentation of Ekeland and Temam [ET99] and by a
forthcoming book by Guillaume Carlier. We consider the problem of minimizing a
convex function f € I'g(X) on a space X

P = inf

Inf f(2),
and we assume that the function f can be written as f(z) = ®(x,0) where ® €
[o(X x ) is also convex, and where ) is another space. In other words, we assume
that the original problem is a special instance of the following problem, which is
parameterized by a vector y € ) :
P, := inf ® .
y = Inf &(z,y)

In the following, we regard ®* as a function on X'* x Y*, through the identification
(X x V)* ~ X* x Y*. The dual problem to the minimization problem P is then:

D = sup —®*(0,y").
y*ey*

The construction of this dual problem is be found in the proof of the following
proposition. Note that there is no uniqueness of the dual problem: there is one dual
problem to P associated to each perturbation @ of f.
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Proposition 64 (Weak duality). The weak duality inequality P > D always hold.
Moreover, for (x,y*) € X x V*, the following statements are equivalent:

(1) ®(x,0) = —2*(0,y"),

(i1) x is a minimizer of P and y* a maximizer of D and P = D,

(i17) (0,y*) € 0P(x,0),

() (x,0) € 00*(0,y*).

Proof. Fenchel-Young’s formula asserts that
V(z,y*) € X x Y*, ®(z,0)+ P*(0,y™) > ((0,y") | (x,0)) =0,

thus implying inf, ®(z,0) > sup,. —®*(0,y*). We deduce at once the equivalence
between the statements (i) and (ii). To see the equivalence between (i) and (iii), we
use the equality case in Fenchel-Young’s inequality (Theorem : equality holds if
(0,y*) € 0®(x,0). The equivalence between (i) and (iii) uses the same equality case
but applied to ®* and ®** = . O

Theorem 65 (Strong duality). Let X, be two spaces, let ® € I'g(X,Y) and con-
sider the following minimisation problem: P = infy ®(-,0). Assume:

e P is finite ;

e the following qualification hypothesis is verified: Jxg € X, 0 € cont(P(xo,-)).
Then, the maximum in the the dual problem D = maxy«cy- —®*(0,y*) is attained
and strong duality holds

P=D.

In addition, the set of the maximizers of D is the subdifferential of the value function
: — inf @ .
viy €Y nf &(z,y)

The following lemma is central:

Lemma 66. Under the assumptions of Theorem[63], the value function v satisfies:
(i) v is convex;
(1) v*(y*) = ®*(0,y") ;
(in particular, v(0) = P and v**(0) = sup,«cy- —®*(0,y*) = D ;
(111) v is continuous at 0 ;

(iv) Ov(0) # 0.

Since P = v(0) and D = v**(0), Moreau-Rockafellar’s theorem (Theorem
would directly imply P = D if v was lower-semicontinuous. This is not a priori the
case, but the last claim will nonetheless allow us to prove that v(0) = v**(0).

Proof. (i) Let yo,y1 € Y and let y; = (1 —t)yo +ty1. Then, for ¢t € [0,1] and = € &,
one has

(z,y1) = B, (1 = t)yo + ty1) < (1 =) @(x, yo) + t2(z,1).
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Taking the infimum on both sides gives
v(ye) < inf(1 —1)®(z, yo) +tP(z,y1)
<(1-1) igf@(m,yo) + tiralch)(x, Y1)
= (1 —=t)v(yo) + tv(y1)
(ii) Given y* € Y* one has

v*(y*) = sup(y” | y) — v(y)

yeY

=sup(y”" | y) — inf ®(z,y
supy” | 4) = inf $(z.1)
(z,y)€YxX

(iii) By the qualification hypothesis, there exists zy € X such that ®(zo, -) is contin-
uous near 0. Then,

U(y) = inf (I)(LL‘,y) < (I)(:E07y)>
zeX

is bounded near y = 0. Since the function v is convex, boundedness in an open set
implies continuity inside that set (Proposition .

(iv) From Theorem , the continuity of v at 0 implies the non-emptiness of the
subdifferential. O

Proof of Theorem[63. By the previous lemma, the subdifferential 9v(0) of the value
function at y = 0 contains a linear form y* € ). Then, by the equality case in
Fenchel-Young’s inequality,

v(0) +v*(y*) =0
v(0)+v*(z*) >0 Ve’
which can be rewritten as Vz* € Y*, —v*(2*) < v*(y). Thus,

v™(0) = sup —v*(z") = —v*(y") = v(0).
ZreY*
This shows that P = D, and that y* is a maximizer of the dual problem. O
Ezample 25 (Application: linear programming). As a first simple application, we
consider the case where X = R", V) = R, which we identify with their dual spaces

through the Euclidean scalar product. Given a matrix with n columns and m rows
and b € Y and ¢ € X*, we consider

@(1‘7 y) = <C ’ .Z'> + iA:Ebey-
Thus,

P = inf ®(z,0) = min(c | x),
rzeX Ax<b
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where Az < b means that for all j, (Az); < b;. The primal problem consists in
minimizing the linear form (c | z) over the polyhedron K = {x € X | Az < b}. For
simplicity, we assume that K has non-empty interior, thus ensuring the existence of
xog € K such that ®(zg,-) is continuous at 0. By strong duality (Theorem , we
therefore P = D where the dual problem is given by

D = max —®*(0,y").
y*ey*
Let us now compute the convex conjugate appearing in D:

®*(0,y") = sup  ((0,y") | (z,¥) — ®(z,y)
(z,y)eX XY

= sup W y) —{c| ).
(z,y)EX X Y|Az—b<y

At this point, we note that if y > 0 for some ¢, then for all A > 0, setting y = Xe;
and x = x¢ in the supremum, we obtain

O*(0,y") > Ay; — (¢ | zo) Aztoo, 400,

thus showing that ®*(0,y*) = +00. On the other hand, if yf < 0 for all ¢, then the
supremum is attained for y = Az — b, i.e.

®*(0,y") = sup(y” | Az —b) — (c|z) =

zEX 400 if not

{%ww>ﬁA%uw
Thus, the dual problem can be written as

{y*ey*|y*<0 and ATy*=c}

Note that the maximum is attained in D as a consequence of the strong duality
theorem.
5.3 Application: Lagrangian duality

In this section, we briefly see how the method of perturbation can be used to recover
Lagrangian duality for constrained optimization problems where the constraint set
is defined by a family of inequalities. Let f,g1,...,9n € I'o(X), and consider

P=inff, K ={z€X|g(z) <0,...,gv(z) <0}

We construct the perturbed problems for y € R? by

Py =inf{f(z) | g1(z) <y1,....9n(z) < yn}
This amounts to introducing the following perturbation function
d: X xRY 5 R
if gi(z) <y; for 1 <i< N
(%wH{ﬂ@ if gi(w) <y for 1 < <

+o0o  otherwise
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The function ® can also be expressed as
(I’(.%',y) - f(.%’) + Z iepi(gi)(x7yi)7
1<i<N
and this expression clearly shows that ® is convex and lower-semicontinuous. We
assume the following condition, similar to :
dzg € dom f s.t. gi(xp) <0 forie {1,...,N}. (15)

Thus, ®(zo,y) = f(x0) as soon as ||y||, < mini<i<n |gi(xo)|, implying that ®(x¢, y)
is continuous near y = 0. We can therefore apply the strong duality theorem (Theo-
rem , which gives us P = D = sup.cgny —®*(0,y*). The conjugate ®*(0,y*) can
be computed explicitely in terms of the Lagrangian of the problem, i.e.

L:XxRY SR
(m,y) = f(«T> + Z yigi(a:), (16)

1<i<N
utai(z) — ot >0
Lemma 67. ®*(0,y*) = SWPrex 2 ¥: 9i(7) — f(@) z.fy - .
~+00 if not
Proof. By definition,
2*(0,y") =  sup (¥ |y)— P(z,y)

(z,y)EX XRE
=sup{(y* | y) — f(2) | (z,y) € X x R?, gi(x) < yVi}.
Note that if y7 > 0 for some i, one can take z = zg and y; = re; (where ¢; is a

coordinate vector), showing that ®*(0,y*) = +o0. On the other hand, if y} < 0 for
all 4, the scalar product (y* | y) is maximized when y; = g;(x), so that in this case

SugZyZ‘gi(w) — f(z) ify; <0. O
S i

This leads to the following expression for the dual problem:

D = sup —®*(0,y*) = sup inf L(x, \).
y*<0 AERY TEX
Note that we replaced the variable y by A to follow the standard notation for Lagrange
multipliers.

Theorem 68 (Lagrangian duality). Let f,g1,...,9n8 € Lo(X) satisfying the qualifi-
cation condition , and define the Lagrangian L as in . Then,
inf sup L(z,A) = max inf L(z,\),
reX )\ER_’A_I )\ng reX
if one assumes that the left-hand-side of this equation is finite.
If A € Rf 18 a solution of the dual problem, then x is a solution to the primal
problem if and only if it satisfies the three Karush-Kuhn-Tucker conditions
o admissibility: gi(x) <0 forie{l,...,N}
e Lagrangian minimization: x € arg miny L(-, A),
e complementary slackness: N\ig;(x) =0 forie {1,...,N}.
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5.4 Application: Fenchel-Rockafellar’ theorem

Let X,Y be two spaces, g € I'g(X), h € To(¥) and A : X — Y be a continuous
linear operator. Consider the primal minimization problem

P = inf g(z) + h(Az),
and the dual maximization problem
D = sup —g"(A%y") = h*(=y").
y* Ey*

Proposition 69 (Weak duality). P > D.

Moreover, if P = D then the following statements are equivalent:
(i) x is a minimizer in P and y* is a mazimizer of D ;
(i) A*y* € 0g(x) and —y* € Oh(Ax) ;

(i1i) x € 0g*(A*y) and Az € Oh*(—y*).

Proof. We first prove the weak duality inequality P > D: by Fenchel-Young,
V(y,y") € X x X%, g(y) + 9" (A"y") = (y | A™y")

V(y,y") € X x X", h(Ay) + h*(—y") = (Ay | —y7),

thus giving
P = inf g(z) + h(Az) > sup —g(A™y") — h(—y").
TEX yrEX*
Now assume that x is a solution of P and y* a solution of D and that P = D.
Then,
9(@) + h(Az) = —g(A™y") — h(=y").

Using Fenchel-Young’s inequality, we may rewrite this as

9(y) + g*(A%Y") — (y | A"") + h(Ay) + h*(=y") — (Ay | —y*) = 0.

J/

20 20

By Theorem [63] these two equalities hold if and only if A*y € dg(x) and —y* €
Oh(Ax) iff x € 0g*(A*y) and Az € Oh(—y*). O

Theorem 70 (Fenchel-Rockafellar). If P is finite and if the following qualification
holds
Jxg € domg s. t. Axg € cont h.

Then, P = D.
Proof of Theorem[70, We introduce f(z) = g(z) + h(Ax) and the perturbation

(z,y) = g(z) + h(Az — y).
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The dual problem associated to this perturbation is D = sup,« —®*(0,y*). We now
compute ®*(0, y*):
2*(0,5%) = sup  ((0,47) [ (z,9)) — @(z,y)
(z,y)eX XY
= sup ((0,y") | (z,9)) — (9(z) + h(Az — y))
——

(z,y)€eXXY
=z

= sup (y"[Azx—2z)—(9(z)+ h(z))
(z,2)EX XY

= sup(A*y" | z) — g(z) +sup(y” | —2) — h(2)
zeX zeY

=g (A%y) + 1" (=y").
Therefore, the dual problem is

D = sup —®*(0,y*) = sup —g*(A*y) — h*(—y*).
y* y*

By assumption, there exists xy € dom g such that Azg € cont h. Thus, ®(xg,-) =
g(xo) + h(Axg — y) is continuous at y = 0. By Theorem we get P = D and the
existence of a maximizer for D. O

Remark 23 (Proof by subdifferential calculus). If the minimum in the primal problem
P is attained, one can prove Theorem [70] using subdifferential calculus. Assume
for simplicity that ) = X and A = Id. To prove the D > P, we assume that
x € argmin g + h. Thanks to the qualification hypothesis we can apply Theorem
on the subdifferential of the sum, giving

0€ d(g+ h)(x) =0g(x) + Oh(x).

Thus, there exists z* € dg(z) such that —z* € Oh(x). Therefore, using the equality
case in Fenchel-Young (Theorem we get

9(x) + 9" (") = (2" | x), h(z) + b (=2") = (=2" [ z).

Summing these inequalities, we obtain g(x) + h(z) = —g*(z*) — h(—2*), implying
the strong duality P < D.

Ezample 26 (Von Neumann minimax theorem). TODO
Ezample 27 (LASSO). Consider again the LASSO problem

1 2
min = ||Az — b
min o [| Az — blly + 7 [lz]l,

which is under the desired form by setting h(y) = 3 ||y — b||3 and g(z) =~ |z|,. To
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compute the dual problem we need to compute the conjugate functions to f and g:

g*(x") = sup (2" [ ) — 7|z},

rER?

= sup Zfﬁ}kxi - VZ |i
r€R4 i i

= sup »_ @iz} — vsgn(z;))
z€R4 i

0 if Vi, |zf] < A
400 otherwise
= 1A
Similarly, one can compute h*:

X[/ % * 1 2 1 * 2 2
h*(y*) = sup (y \y>—§Hy—bH2=§Hy + b||” — [[]|” .
y€ERd

Thus, the dual problem is

1

D = max —g"(A"y") = h*(—y") = max{— |[A"2" + b + [Ib]* | A*z* € [-A, A%}
x

The unconstrained non-smooth optimization problem P is tranformed into the con-

strained smooth optimization problem D.

Ezample 28 (Rudin-Osher-Fatemi). As a second example, we consider an abstract
version of the Rudin-Osher-Fatemi model for image denoising: given some zo € R?
and a linear operator D : R* — R” we consider

1 2
P=min - ||z —x +~||Dx||, .
min >l — oll3 + 7 1 Dall,

Fenchel-Rockafellar’s theorem can be applied by setting g(z) = 3 ||z — zol?, h(z) =
|-Il; and A = D. The dual problem is then

1 2
e —g" (DY) = W(=yT) = max 5 107" + o, + lloll3

This problem is much easier than the primal problem, because the optimized function
is quadratic and the constraint set is separable (i.e. a product of segments). This
problem is, for instance, directly amenable to projected gradient descent. Once a
solution y* to D is found, we know by Theorem [70| that if 2 is a solution of P, then

z € 9g*(DTy") = {Vg"(D"y*)} = {D"y" + w0}
This gives us the explicit expression z = x¢ + DTy*, allowing to recover the primal

solution.
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Ezample 29 (Minimization over a polyhedron). Let A be a n x d matrix, let b € R”
and g : R — R be a convex function. We consider the minimization problem

P =inf{g(z) | Az < b},

where the inequality Az < b should be understood coordinatewise, i.e. (Azx); < b;
for all 7. This problem can be recast under the form

P = inf g(x)+ h(Azx)
z€RL
by setting h = i, where L = {y € R™ | Vi, y; < b;}. Assume that:
e there exists g € R? such that Azy € int L. Note that this implies that the
polyhedron K = {x € R? | Az < b} has non-empty interior,
e P is finite.
Then, the assumptions in Fenchel-Rockafellar’s theorem are satisfied and we thus get

P =D = max —g*"(A"y") — h*(—y").
y*ey*

Let us compute h*:

R*(y*) = sup (y* | y) —ir(y) =sup(y™ | y) =
yeR™ y<b

{<y*rb> if y < 0,

+00 otherwise.

Thus,
D = max{—g*(A"y") — (y" | b) | y € R",y < 0}.

If g(x) = (¢* | ), P is a linear programming problem, and we recover linear pro-
gramming duality (under the unnecessary assumption int K # () as in Example
Indeed, by Example g*(z*) = icx, so that

D =max{—(y" | b) |y € R",y <0 and A*y" = c"}.

A Topology and functional analysis

A.1 Point-set topology

We briefly recall some elementary notions from topology, even if we assume some
familiarity with them.

Definition 29 (Topology). A topology on a set X is a family of subsets 7 of X,
called open sets, which satisfy the following axioms:

(i) the empty set is open, i.e. ) € 7;

(ii) the intersection of a finite family of open subsets is open: if wy,...,wy € T,

then wiN...Nwg € 7T.

(iii) any union of open subsets if open: if (w;);e; belongs to 7, then so does U;w;.
The space (X, 7) is then called a topological space. The complement of an open set
is called a closed set.
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Ezample 30 (Metric topology). Let (X,d) be a metric space, i.e. d: X x X — R
satisfies the assumptions
(i) d(z,y) > 0 with equality if and only if x = y;

(i) d(z,y) = d(y,x) for all z,y € X;

(ili) d(z,z) <d(z,y)+d(y,z) for all z,y,z € X.
We denote B(z,r) = {y € X | d(x,y) < r} the closed ball. We call a set w open if
for any x € w, there exists r > 0 such that B(x,r) C w. Then, the family 74 of such
open sets satisfies the axioms of a topology.

Definition 30 (Neighborhood). Let (X, 7) be a topological space. A neighborhood
of x € X is any set that contains an open set, which itself contains x. A neighborhood
basis at x is a family B, of subsets of X sucht that (i) every set B € B, is a
neighborhood of = and (ii) for any neighborhood N of z, there exists B € B, such
that B C N.

Ezample 31. In a metric space, the sets B, = {B(z,6) | § > 0} and B, = {B(z, 1) |
n € N} form two neighborhood bases at .

Definition 31 (Continuity at a point). A function f : (X,0) — (¥, 7) between
topological spaces is continuous at z if for any neighborhood B of f(z), the inverse
image f~!(B) is a neighborhood of z. Equivalently, f is continuous at z € X iff
there are neighborhood bases B, at z and By, at f(z) such that

vC € Bf(x),HB € B, s.t. f_l(C) C B.
In the case of metric spaces, one recovers the definition of continuity using € and 4.

The notion of continuity depends on the choice of the topologies ¢ and 7. This is
important to keep in mind, because we will sometimes consider two topologies over
the same space.

Definition 32 (Continuity). The function f : (X,0) — (¥, 7) is continuous on X
if it is continuous at every x € X. Equivalently, f is continuous on X if the inverse
image of any open set under f is open, i.e. Vw € 7, f~}(w) € 0.

Definition 33. A topological space (X, 7) is called
e separated or Hausdorff if for any distinct points x,y € X have neighborhoods
Og, Oy such that O, N O, = 0.
e metrizable if the topology 7 is induced by a metric;

Remark 24. Metric spaces are automatically separated. In addition, for a metric
space, and hence for a metrizable space, all topological notions may be recovered
through sequences. For instance,
e aset C C X is closed if and only if C contains the limit of every converging
sequence in C ;
e a function f is continuous at x if and only if for every sequence (z,)nen con-
verging to x one has lim,,_, 1 f(z,) = f(x).
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A.2 Topological vector spaces

Most of the statements of this course hold when X is a normed space i.e. a vector
space endowed with a norm |||| which endows X with a topology. The closed ball of
radius around a point x is then denoted B(z,r) = {y € X | ||z — y|| < r}, and the
topology is induced by the metric d(z,y) = ||z — y||. In particular, the results of this
course can be applied to Hilbert spaces, Banach spaces, and even R

However, it is often the case that our statement hold in the more setting of
(locally convex) topological vector spaces, which is particularly adequate when one
wants to consider weak/weaks* topologies, which are important in some applications.

Definition 34 (Topological vector space). A topological vector space is a vector
space X endowed with a topology 7 which makes the addition of vectors (z,y) €
X% — x4+ y € X and the multiplication by a scalar (\,7) € R x X — Az € X
continuous.

In order to define the continuity of the maps X2 — X and R x X — X, we need
to define a topology on these product spaces, called the product topology.

Definition 35 (Product topology). Let (X1,71) and (X2, 72) be topological spaces.
A set O C X7 x Xy is open for the product topology 7 & 75 if for any (x1,x2) € O,
there exists neighborhoods Ny and Ny of 21 and x5 such that Ny x Ny C O.

One can check that if O is an open subset of a topological vector space, then
forall z € X, O+ 2 = {x+y |y € O} is also open. This is because the map
T:y~—y—x, and O+ 2 =T71(0). In particular, if B is a basis of neighborhood
of the origin, then {B + x | B € B} is a basis of neighborhood at x.

Definition 36 (Locally convex topological vector space). A topological vector space
is called locally convex if the origin admits a neighborhood basis made of convex sets.

A.3 Weak and weakx topologies

In many cases, the topology associated with the norm is too fine, in the sense that
it has too few compact sets, making it difficult to to prove existence to optimization
problems. This is why we will try to define coarser topologies, i.e. topologies with
less open sets and thus more compact sets. One standard way to do this is to start
with a family of maps, and to construct the coarsest (i.e. smallest with respect to
inclusion) topology that makes all these maps continuous.

We will explain the construction of the coarsest topology making a family of
linear forms ) over a vector space X continuous.

Lemma 71. Let X be a vector space and let Y be a vector space of linear forms over
X. Assume that o is a topology over X and that every linear form in Y is continuous
with respect to X. Then, all sets of the following form are open with respect to o:

Bayr,ywe ={z € X |Vie{l,..., N} [{yi | z = x) <e},

withx € X, y1,...,yn € Y and € > 0.
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Proof. Let y1,...,yn € Y. Then,

ey ﬂyz (((yi | &) — &, (i | ) +€)).

Thus, By y, .. yx,e 1S open with respect to o as a finite intersection of inverse images
of the open sets ((y; | z) — ¢, (y; | ) + €) under the maps yi,...,yn which we have
assumed continuous with respect to o. O

This lemma suggests the following definition.

Definition 37 (Topology generated by linear forms). Let X be a vector space and
let )V be a vector space of linear forms over X. A set O is open with respect to the
topology generated by ), denoted o(X,)) if for any x € O, there exists y1,...,yn €
Y and € > 0 such that By, . yy.e CO.

The sets By, .. yy.e are open with respect to o(X,Y) (exercise!) and a neigh-
borhood basis of the point = € X for o(X,)) is given by

By ={Bsyi,.yve | NENy1,...,yn €Y, and € > 0}.

In some sense, the sets By, . 4y, Play the role of balls for the weak topology.
However, this topology has a rather surprising feature: if X is infinite dimensional,
then any set with non-empty o(X,Y)-interior must contain a set of the above form
and must therefore be unbounded. In particular, in infinite dimension the unit ball
B(0, 1) has empty o(X,Y)-interior.

Proposition 72. Let X be a vector space and let ) be a vector space of linear forms
over X. Then,
(i) (X,0(X,))) is a locally convex topological vector space;
(i) A linear form y: X — R is continuous with respect to the topology o(X,Y) if
and only if it belongs to Y;

Corollary 73. Given a linear formy : X — R and o € R, the hyperplane y~ ()
(resp. the halfspace y~1((—o0,al)) is closed w.r.t. o(X,Y) if and only if y € V.

Remark 25 (Coarsest topology). Lemma [71{shows that if o is a topology on X such
that all the linear forms in ) are continuous, then it contains all the sets of the form
Byyr,...yn,e With y1,...,yn € Y. Thus, any such topology o must contain o(X,)),
implying that o(X',)) is the coarsest topology on ) making all the linear forms in )
are continuous. (This also means that it has the most compact subsets, or the most
converging sequences...)

Remark 26 (Convergence of sequences). One can show that a sequence (zy,)n,>1 of
points of X converges to x € X with respect to the topology of o(X,)) — meaning
that for all neighborhood O of x one has x,, € O for n large enough — if and only if

vyey, lim (ylan) =(y|z).
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Proof. (i) The family o(X,)) contains 0, is (easily) stable under arbitrary unions,
and is finite under finite intersections because

B /) g Bx’yly"'7yN7€ N B

/ / H / / /.
z,yl,...,yN,y1,...,yM,mm(s,s TY e Yppo€

This proves that o(X,)) is a topology. We will prove that the map S: X x X — X
defined by S(z,y) = = + y is continuous with respect to o(X,)). To see this, take
x,y € X and consider a neighborhood N, of z = S(z,y) = x + y. We want to
prove that there exists neighborhoods N, N, of x and y so that S(N;, N,) C N,.
By definition, the neighborhood N, contains a set of the form B, := B, ,,  yx.e-
Define B, := B 1_and B, = B . For any 2’ € B, and ' € By, let

TY15e YN 5 E€

2 =85 y)=a"+vy'). We have

1
YY1 YN 5E

il 2 =) = 5 | 1o + 9/ — @+ )| < 5(ltw | o — )| + (e | o/~ o)) <&
thus ensuring that 2z’ € B,. In other words, S(By,By) C B,, and B, and By are
neighborhoods of = and y respectively: this shows the continuity of S at (z,y). We
would prove similarly that the map P : (\,z) € R x X — Az € X, thus proving
that (X,0(X,))) is a topological vector space. Finally, the space is locally convex
because all the sets By y, . 4y, are convex.

(ii) Let y be a linear form over X and assume that it is continuous with respect to
the topology o(&X',)). Thus, there exists a neighborhood N of the origin on which
the linear form y is bounded by 1. By construction of the topology, there exists
Y1,--.,yn and € > 0 such that Boy, . yy,.e © N. Thus, we have

(Vie{l,....,N}, (yile) <e)=[{y )] <1,

which implies in particular that if Ker(y;) N ...Ker(y,) C Ker(y). By a the linear
algebra lemma below, this implies that y € vect(y1,...,yn) C V. O

Lemma 74. Let X be a vector space, and let y1,...,yn,y be linear forms on X such
that Ker(y1) N ... Ker(y,) C Ker(y). Then y € vect(y1,...,yn).

Proof. Let F : X — RN*! be defined by F(z) = (y(z),v1(),...,yn(z)). The
assumption implies that the subspace L = F(X) and the point z = (1,0,...,0)
are disjoint. Denoting p € L the orthogonal projection of z on L and p — z =
(A, ALy ..., An) # 0, the characterization of the orthogonal projection gives

Ve e X, (F(x) | A) =0,
ie. Ay+ >, Aiy; = 0. Moreover, (p | z —p) > 0, giving X # 0. O

Definition 38 (Weak-topology). Let X be a topological vector space, and let A'™*
be the space of continuous linear forms over X. The topology over X’ generated by
the linear forms X™*, namely o(&X', X*), is called the weak topology.
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Remark 27 (Relation to the strong topology). We will call the original topology on
X the strong topology to distinguish it from the weak topology o (X, X*). The sets
By wt,...a%, e, Which form a basis of the weak topology, are open with respect to the
original topology. This directly implies that weakly open sets are strongly open,
and similarly that weakly closed sets are strongly closed. Maybe unintuitively, this
also implies that if a function f : X — R is weakly continuous, then it is strongly
continuous (Proof: assume that f is weakly continuous. Then, for any open subset
O of R, the set f~1(O) is weakly open, therefore strongly open. Thus, f is strongly
continuous). The converse implications are false in general, but we will show that
they are true when convexity hypotheses are added (see e.g Proposition .

Definition 39 (Weakx-topology). Let X’ be a topological vector space, and consider
the canonical injection

it X > X = (2 (¥ | x)).

Thanks to this injection, X’ can be identified with the set i(X) of linear forms over
X*. The topology over X* generated by the linear forms i(X) is called the weak
topology and often denoted o(X*, X) := o(X,i(X)).

We refer to [Brel(]) for a more thorough treatment of the weak/weak™ topology.

Remark 28 (Weakx and pointwise convergence). A good exercise is to show that a
sequence (z7) of elements of X'* converges to x* with respect to o(X™*, X') (for short

we will say that (z

) weak-x converges to x*) if and only if

X li * = (z* .

Veex, lm (s} |2)= " o)

In plain words, (z};) weak-* converges to * if only if (z}) converges pointwise to x*,
when these linear forms are seen as functions on X.

Remark 29 (Separation). The space (X*,0(X*, X)) is separated, i.e. Hausdorff.
Indeed, let z*,y* € X* be two distinct linear forms. Then, there exists x € X such
that (z* | ) # (y* | x), for instance (z* | z) < (y* | ). Thus, denoting r =
((z* +y*) | z), the two weak* open sets O_ = {(- | z) <r} and Oy = {(- | z) > r}
separate the points x* and y*: they are disjoint and z* € O_ and y* € O;..
Ezample 32 (Measures). Let K C R¢ be compact and let X = CY(K) be the space
of continuous functions over K. What are examples of linear functionals over X 7
Let 41 be a finite (Radon) measure over X: then, the functional f € CO(K) — [ fdu
is linear. Conversely, Riesz-Markov’s theorem asserts that any linear functional over
X is induced by a finite (Radon) measure. Thus, in this course, we will define the
space of Radon measures as

M(K) := C°(K)*.
An example of Radon measure is the Dirac mass ¢, € M(K), defined by

Vo € CO(K>7 <6$ ’ (ZS) = 5@‘((25) = ¢($)
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The dual norm on M(K) is called the total variation of the measure p. It is defined
by ||Vl = sup{(v | ¢) | |¢|l < 1}. Note that if =,y are distinct points in K, it
is possible to construct a function ¢ € C°(X) so that ¢(z) = 1 and ¢(y) = —1 and
1]l < 1. Thus,

16 = 8l > [ 6405, —8,) = 6(a) — 6(s) = 2.

In other words, even if (x,) converges to x € K, the Dirac mass d,, does not converge
to 0, with respect to the total variation ||-||;y. On the other hand,

Vo € CO(X)v <¢ | 5:1:n> = ¢(xn) —7n—+oco <¢ | 6CE>7

so that (8, ) weakx-converges to d,, i.e. with respect to the topology o(M(X),C%(X)).
This is an illustration of the fact that the weak-* topology o(M(X),C"(X)) has more
converging sequences, and thus more compact sets as well.

Remark 30 (Continuous linear forms over (X*,o(X*, X))). By Proposition [72] we
know that a linear form over X* is continuous if and only if is induced by an el-
ement to X, ie. (X* o(X* X)) can be identified with X. This implies, for in-
stance, that the dual of the space of measures endowed with its weaks* topology is
(M(K),o0(M(K),C°(K)))* ~ C°K), while the dual (M(K), ||-||,)* is a much larger
space and much less understood (there is a book devoted to this topic [Kapl1]).

Definition 40 (Separability). A topological space is separable if X' contains a count-
able dense subset.

Example 33. Examples of separable spaces include

e the space (C°(X), |-|l.) of continuous functions over a compact subset X of R?
endowed with the norm of uniform convergence. This is a consequence of the
Stone-Weierstrass theorem, which guarantees that continuous functions over a
compact subset of R? can be uniformly approximated by polynomials ;

e the spaces (¢7,[|-[|,) of p-summable sequences and the spaces (LP(Q), [|-||,,) of
p-integrable functions over a bounded domain of R, for p € [1,+00). Note
that ¢>° and L*°(2) are not separable.

Theorem 75 (Metrizability of the dual ball). Let X' be a separable normed vector
space, and let (zn)n>1 be a dense sequence in X. Then the weakx topology on a
bounded subset S of X* is induced by the distance

d(x*,y*) — 22—71

n>1

T,

[l

) -

(" —y" |

Remark 31. The open sets of the weak* topology on S are of the form O' = 0N S,
where O is a weak* open sets of X'*.

Proof. The series defining d(z*,y*) is converging. Indeed, by definition of ||-||,,

Tn

[

(" —y" |

)| < e = . < (s,
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The symmetry of d, and the triangle inequality are clear. If d(z*,y*) = 0, then for
all z,, we have (z* | ) = (y* | ). Thus, the continuous linear forms =* and y* agree
on the dense subset (z,),>1, and therefore they agree on X, i.e. z* = y*.

Let S be a bounded set in A*; we assume that S C B(0*, R) for some R > 0.
Let O’ = ON S be an open set with respect to the distance d. Our goal is to prove
that ONS is also weak* open. Let 2* € ON.S: by openness of O with respect to the
distance d, there exists € > 0 such that B(z*,e) C O. For any y*,2* € S, we have
lly* — z*|| < 2R, so that there exists some N € N such that

TIn

[

Vy*, 2" €S, 22"

n>N

—) <

e

If we consider some point z* € SN B then

€
T Y15 YNy T

Vie{l,...,N}[{(z* = 2" |y)| <

\_/ ’h‘m

This implies that such a point belongs to the ball B(z*, ) because

d(z*,z") = Z 27" (2" —y" | Tzl n|| ‘ ZQ "

1<n<N

| <

x _y
e

T, 1S included in S N B(z*,¢), itself included in
O'. By definition, this implies that O’ is weakx open in S.

To conclude that the weakx and the metric topology agree on .S, we need to prove
that conversely, any weaks open set of S is open with respect to the distance d. The

proof of this fact is similar, and is left as an exercise. O

To summarize, the set SN B

Theorem 76 (Banach-Alaoglu). Let X' be a separable normed space. Then, any
bounded sequence in X* admit a weak*-converging subsequence.

Proof. Let A be a dense countable subset of X. Let (x) be a bounded sequence
in X*. Then, for all x € A, the sequence ({x} | x))nen is bounded and admits a
converging subsequence. By a diagonal argument, and taking subsequences where
necessary, we can assume that for all x € A there exists f, € R such that
. X B o
ngrfoo<xn | .%'> o nEIfoox (J)) - fa'
Thus, the sequence of functions |, converges pointwise to the function f: A — R

defined by f(x) = f,. By boundedness of the sequence (), there exists R > 0 such
that ||z} ||, < R for all n € N. Then,

nlls
Va,y € X, [(zy, | 2) — (2 | y)| < Rz -yl

Passing to the limit as n — 400, this proves that the function f is R-Lipschitz on the
dense set A C X and can therefore be extended uniquely into a R- Lipschitz function
function f X — R. We will now show that z} converges pointwise to f on X. Let
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x be an arbitrary point X, and let € > 0. By density of A, there exists y € A such
that ||z — y|| < 5ke; by convergence of z,(y) to f(y), there exists N € N such that

forn > N, ‘f(y) —zi(y)| < %s. Then,

fla) ~ (@) <

@) = )|+ 1) = wa)| + i) - 2n(@)] <.

This shows that lim, ;o z*(z) = f(z), and that weaks converges to f. Finally, we
note that a pointwise limit of linear functions is linear to conclude that f € A*. O

Theorem 77 (Banach-Alaoglu). Let X' be a separable normed space. Then, the unit
ball of X* is weakly*—closed.

Proof. The unit ball B of X'* is bounded, so that its weakx topology is metrizable by
Theorem Thus, B is weak* compact if and only if it is sequentially weak* com-
pact, i.e. iff any sequence of elements of B admits a weaks* converging subsequence.
One concludes by invoking Theorem [77} O

Ezample 34 (Probability measures). Let K be a compact subset of RY, and let
X = C°(K). Then, the dual space X* is the space of Radon measures over K, i.e.
X* = M(K), and its unit ball is

B ={pe ME) | plry <1},

and by Banach-Alaoglu’s theorem, B is weak* compact. Now let M™(K) be the set
of positive measures on K, i.e.

MF(K) = {p € M(K) | Yé € C(K),¢ > 0= (] ¢) > 0}.

Then, M™*(K) is a weaks* closed set (which is also convex). Thus, the set of proba-
bility measures

P(X) = {ue M*(K) | (1] 1x) = 1} = M*(K) N B,

is a weak*-compact set.
We finish by an application of the Banach-Alaoglu theorem to reflexive spaces, a

class of spaces that include Hilbet spaces.

Definition 41 (Reflexive space). A normed space X is reflezive if and only if X**,
the dual space to X'*, can be identified with X', meaning that the canonical injection

1: X = X,
T (Ppia € X = (2% | z))

is a bijection. In other words, a space X is reflexive if every continuous linear form
on its dual X*, i.e. ¢ : X* — R, can be written under the form ¢(z*) = (z* | x) for
some x € X.

64



Note that the canonical injection is an isometry, i.e. ||i(z)|| = ||z||. In this course,
it will be sufficient to know a few facts about reflexive spaces, such as

e finite-dimensional spaces are reflexive;

e Hilbert spaces are reflexive;

e LP spaces and Sobolev spaces WP are separable and reflexive for 1 < p < 4o0.

Corollary 78. In a separable and reflexive space, the unit ball is weakly compact.

Proof. We only prove sequential weak compactness.Let K be a bounded closed con-
vex set and let (z,)nen be a sequence of elements of X with ||z, || < 1. We regard
these points as elements of X** through the canonical injection, i.e. x}* := i(x}).
The sequence (z}*)nen is also bounded (since ||i(z)|| = ||z||), ensuring by Banach-
Alaoglu’s theorem the existence of a weak*—converging subsequence. Relabeling if
necessary, we may therefore assume that there exists ™ € X** s.t.

Vot e X*, (2 | o) T2 (0t | 2.

Since the canonical injection is surjective (by reflexivity of X'), there exists some z
such that ™ = i(x). The previous convergence then yields

Va* e X%, (¥ | zp) nooo, (x* | z),

i.e. (xn)nen weakly converges to z. Since K is closed and convex, it is sequentially
weakly closed, from which we deduce that z € K. O

/&ﬂfr) e

: K., I = (v (;UV_K*' v
/I,-/{l4 ce B.1 Chapter 2 " el vM)

Exercise 1. Convex hull of union. 1. Given two convex sets K, L, prove that:
conv(KUL)={(1-a)z+ay| (z,y,a) € K X L x{[?, 1]}.

2. Given convex sets Ky, ..., K,, prove that _Ukﬂ' A lewen,
A
conv(K1 U...UK,) = Z oz | o € Ay and Vi, x; € K p
1% :
where A, is the unit simplex in R". /1":“(' <

Exercise 2. Prove Lemma [2| when X is a normed space and K contains a ball
B(0,7). What is the continuity modulus of px?

Exercise 3. Prove that the closure of a convex set is convex. Deduce that the closed
convex hull of A is equal to the closure of the convex hull of A.

Exercise 4. Interior of a conver set. 1. Prove that if B,C' C K are subsets of a
convex set K, then (1 —¢)B +tC C K.
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2. Deduce that if 2 belongs to the interior of K and y € K, then [z,y) lies in the
interior of K.

3. Prove that the interior of a convex set is convex.

4. Prove that if K is closed and has non-empty interior, then K is the closure of
its interior.

Exercise 5. Let X = L?([0,1]) and let K = {f > 0 a.e. | f € X'}. Prove that K is
convex and closed and therefore sequentially weakly closed. Write explicitely K as
an intersection of closed half-spaces.

Exercise 6. Discontinuous linear form. Consider X = R[X] the space of polyno-
mials, endowed with the sup-norm (if P = a, X™ + ... + ap, then || P|| = max; |a;]),
then the linear form ¢(P) = P’(1) is discontinuous everywhere.

Exercise 7. Mazur’s lemma. Let (z,)nen be a weakly converging sequence in a
normed space X', with weak limit z. Considering the set K = conv({z, | n € N}),
prove that there exists a sequence y,, of convex combinations of the z,, (i.e. y, € K)
such that y, converges strongly to x.

Definition 42 (Extreme point). Let K C X convex. An extreme point is a point
x € K that cannot be obtained by taking a nontrivial convex combination of points
in K, i.e. thereisnoy,z € K\ {z} and a € (0, 1) such that z = (1 — a)y + az. The
set of extremal points of K is denoted ext(K).

Exercise 8. Let A C X and K = conv(A). Prove that ext(K) C A.

Exercise 9. Eztreme points and strict convexity of the ball. We recall that a convex
set K is strictly convex if

Ve #ye K,Vae (0,1), (1-a)z+ay e int(K).

1. Prove that the unit ball in a Hilbert space is strictly convex and that all points
are extreme.

2. Given z € RY, we define ||z||; = Y c;cy 2| and |ul|, = maxi<;<q|z;]. Are
the unit balls of (R%, ||-||,) and (R%,]-||,.) strictly convex ? What are their
extreme points?

3. Same question for X = C°([0,1]) endowed with the sup-norm |||, and with
X = LY([0,1]).

Exercise 10. Support functions. Compute the support functions of the following
objects:

1. a segment [a,b] in RY,

2. a square [0,1]2 in R?,

3. the unit simplex A ={x e RY | Y, z; =1} in X =RY,

Exercise 11. Let (X, ||||) be a normed space and let B be the unit ball of X'. Prove
that op coincides with the dual norm ||-||,.
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Exercise 12. Hausdorff distance. Let K, L be two compact convex bodies in R,
and consider the unit sphere S ! = {2 € R? | ||z|| = 1}. We denote dg (K, L) the
Hausdorff distance between K and L, i.e.

dy(K,L) = i — i —
(6,1) = (e o — ) maxmip o — o).
1. Prove that dyg (K, L) =min{e > 0| K C L+ B(0,¢) and L C K + B(0,¢)},
2. Prove that K C L + B(0,¢) iff ox < o 4+ on S,

3. Conclude that dy (K, L) = |[ox — 01| o gi—1-

B.2 Chapter 3

Exercise 13. Distance functions. Let K C X, and define di(z) = infpex ||z — p]| .
1. Prove that if K is convex, then dg is convex.
2. Prove that if X is a Hilbert space, then ||-||* — d% is conve and lsc.
(nb one does not need to assume that K is convex)

Exercise 14. Suppose that f : X — R is convex and satisfies f(z) < L ||z for all
x € X. Prove that f is L-Lipschitz.

We recall that a Banach space is a complete normed space. Baire’s theorem
asserts that if (F))nen is a countable family of closed subsets of a Banach space
X (or more generally of a complete metric space), each with empty interior, then
UnenFpn has empty interior. We use it to deduce a characterization of the continuity
set of Isc convex functions.

Exercise 15. Let f : X — R be a lower semicontinuous convex function on a Banach
space, and assume that int dom f contains a point x.
1. Assume that B(0,7) C dom f. Letting F,, = {y € B(0,7) | max(f(y), f(—y)) <
n}, prove that f is bounded on a set with non-empty interior.
2. Conclude that cont f = int dom f.

Exercise 16. Banach-Steinhaus. Let (Ty)aca be a family of continuous linear
operators, T, : X — ) where X and ) are Banach spaces, and define f(z) :=
Sben [T (@)
1. Prove that f is convex and lower-semicontinuous.
2. We now assume that for all z € X, IM, > 0 s.t. sup,, [|[Tn(z)| < M,. Prove
that f is continuous on X, and locally Lipschitz near the origin.
3. Deduce the existence of M > 0 such that sup, ||To| < M.

Exercise 17. Characterization of support functions. Let o : Y — R be a lower-
semicontinuous sublinear (hence convex) function.
1. Let g(x) = (z* | z) + ¢ be an affine minorant of 0. Prove that ¢g(0) = 0.
2. Deduce that o(z) = sup{(z* | z) | o > (z* | -) }.
3. Prove that if Y = X™* and if X* is reflexive, then there exists a convex set
K C X such that 0 = o

2one says that d% is semi-concave
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B.3 Chapter 4

Exercise 18. Envelope theorem. Let f; € C'(R?) be convex functions satisfying

Yig 75 11 € I,Vx € Rn, Vfio ($) 75 szl (.%') (17) 5
We define f = max;cs f; the pointwise maximum of these functions, and we assume
that the maximum is attaine at any = € R d >(}{ <
1. Prove that if [ is finite, then f is differentiable almost everywhere.
4 A (Hint: invoke the implicit function theorem.)
mé /ﬂ m 0é1 2. In the general case, consider the set

£yo - A
&Z@(G/) B rn%(,(,é% A={zeR"|Jip #ir €1, f(z) = fin(z) = fi,(x)}.

9,( 9@ t) Cot) Prove that if x belongs to A, then f is not Gateaux-differentiable at x.
4/ (/ !Kd 3. Deduce that f that for almost every = € R?, f is differentiable at = and there
o
- 95

Y b ,,qq_?xists a unique i, € I s.t. f(x) = fi,(z) and Vf(z) = Vfi, (x).

|
/'( -4 (0{) ? Exercise 19. Simplex. Let f : RY — R be defined by f(z1,...,zq) = max(zy,...,2q).
.'n> > Prove that 9f(0) = {x € R | 21y + ... + 24 = 1 and Vi, z; > 0}.

Vo2 "¢) Exercise 20. Failure of subdifferential sum rule. Let A = B((0,0),1), B = B((0,2),1)
a / bet closed balls in R?, and f = i4, g = ig. Compute the subdifferentials df(z), dg(x)
07/4,10{ 43«'&1> and O(f +g)(x) at z = (0,1).
<mn ( e N> Exercise 21. Characterization of convexity. Let f : X — R be a proper function so
a that for all x € dom f, the subdifferential Jf(x) is non-empty.
7 <"‘ f 'ma> 1. Prove that f is equal to the supremum of its affine minorants.
. £ 2. Deduce that f is convex lsc.

<"‘ [f'\>? o 3. Conversely, prove that if f: R? — R is convex then df(z) # 0 for all 2 € R?

Exercise 22. Subdifferential sum rule. Prove using support functions (see Re-
mark that O(f + g)(x) = df(x) + dg(x) when x € cont f N cont g.

Exercise 23. FEzxact penalization using distance. Let K be a closed non empty
convex subset of a Hilbert space X. We will consider subdifferentials, normal cones,
etc. as subsets of X' ~ X™*.
1. Show that dix(p) = {v € E;Vq € K, (v|p) > (v | q)}. Using the characteri-
zation of the orthogonal projection on K, prove that

dik(p) ={v € E; px(p+v)=np}. (18)

2. Application: Let f : X — R be continuous. Prove that p € K if a minimizer of

min f(p) (19)

peEK

iff there exists w € Jf(p) such that px(p — w) = p. (Indication: use the
subdifferential sum rule.)
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3. We now prove that if p € K and v € Nory K = 0ig(p) then v/ ||v|| € ddk(p),
or equivalently that

Vr e E, di(x) EdK(P)-F(HZ—” T —p). (20)

a. Prove that holds if (v | z) < (v | p).
b. Let x ¢ H :={x € E;(v|p) > (v | x)}, and define xg = pg(x). Prove
that xH:x7<ﬁ|xfp>ﬁ.
c. Using K C H, prove that dg(x) > du(x) = ||z —zg| = <ﬁ | x — p),
and deduce that v/ ||[v|| € 0dk.
4. Application: Let p € K be a minimizer of .

a. Prove that there exists w € df(p) such that —w € Jix(p), so that

0 € d(f + ||lw|| dg)(D).

b. Deduce the existence of A > 0 such that p minimizes the penalized problem

gfeli)r(l f(p) + Mk (p).

Exercise 24. Limiting subdifferential, Exam 2020. Let f € C°(R™) be convex.
1. Fix a point x € R", and define K = conv.S where

S = {S € R" | 3z, — z, s.t. f is differentiable at x,, and nh_}ngo Vi(xy) = 5} .
a. Prove that S C 9f(x) and K C 9f(x).
The goal of the next questions is to prove the converse inclusion.
b. Fix some vector v € R™. Prove that for all t,, = 1/n, there exists v, € R"
such that ||v, — v|| < t,, and such that f is differentiable at x,, = z+t,v,.
c. Prove that, taking a subsequence if necessary, one can assume that V f(z,,)
converges to a vector s € S. Show that f*(z,v) < (s | v).
d. Deduce that f*(z,v) < ok (v) where ok is the support function of K.
Conclude that 0f(z) C K.
2. Application. Assume there exists G € CO(RY,R?) such that Vo € R", G(z) €
df(z). Prove that f belongs to C!(R") and that Vf = G.

subdifferential of TV norm

B.4 Chapter 5

Exercise 25. Let X = X] & Xy, where X, X5 are two closed subspaces, let f; €
[o(X;) and f = f1 @ fo, ie. f: X — R is defined by

V(z1,22) € X1 ® Xo = fi(x1) + fo(z2).
Prove that Prox,(z1 4+ x2) = Prox,, (z1) + Proxys,(21).

Exercise 26. Let f € I'g(X) be coercive, let T' = Proxy and define 41 = T'(xy,).
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B.5

Prove that Vo € X, f(x) > f(xny1) + %(az — Tpt1 | T — Tng1).
Using this inequality,
(i) prove that (f(zy))nen is decreasing and that (z,,)nen is bounded;
(ii) prove that any weak cluster point of (x,),en minimizes f globally;
(Hint: use that limy_s4 o0 [|Zn41 — znl| =0, as in Theorem [60)
Deduce that (z,)nen is a minimizing sequence.
Conclude that if f is strictly convex, the sequence (z,),en converges weakly
to the unique minimizer of f.

Chapter 6

Exercise 27. Convez cones. Let K be a non-empty convex cone (i.e. for all z € K

and

A >0, Az € K) and let K* C X be its polar of K

K*={z" € X" |V € K,(z" | z) <O0}.

Prove that if f =ik, then f* =ig+ and that 9f(0) = K*.

Prove that K** = {z € X | Va* € K*, (z* | ) < 0} is closed, convex, and
contains K.

Prove that if K is a closed convex cone, then K** = K.

Assume that X is a Hilbert space, let K be a closed convex cone, K* C X ~ X*
be its polar. Prove that

Ve e X, x=projg(z)+ projy-(x).

Exercise 28. Strong convexity and subdifferential. Let X be a Hilbert space. A
function f : X — R is called a-strongly convex if it satisfies one the following
equivalent conditions:

1

et

Vz,y € dom(f),VA € [0, 1],
A=V [l =yl + F(1 =Nz + M) < (L= Nf@) + M) (2D

Vzg € X, fr, :xeXHf—%Hx—onz is convex (22)
. Assume that f € T'g(X) is a-strongly convex and let v € df(xp). Prove that
«
0€d(f=5I-—wl’ = (] ) (@),

and deduce that Vo € X, f(z) > f(zo) + (v |z — 20) + & ||z — zo|* .
Prove that for all zg,y0 € X, v € f(x¢) and Yw € 9f(yp) one has

allzo = yol < v —wl[.

Deduce that the same inequality holds if zg € 0f*(v) and yo € 9 f*(w).
Let D ={v e E | df*(v) # 0}. Prove that f* is Gateaux-differentiable on D,
and that the application v € D — V f*(v) is (1/«)-Lipschitz.
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Exercise 29. Moreau-Yosida regularization. Let X be a Hilbert space and f €
Io(X). Given 7 > 0, define the Moreau-Yosida regularization of f as

fr(a) = inf f(2) + 5l — 2|

1. Prove that f. is convex, finite everywhere, and bounded on every bounded
subset of X.
Prove that f; is continuous and that 0f-(x) # 0 for all z € X.
Prove that f; = (f* + g*)* where g(z) = 5= |-
4. Using the previous exercise, deduce that f, is Gateaux-differentiable at all
x € X and that V f; is 7-Lipschitz.
Prove that f; converges pointwise to f as 7 — 0.
6. Prove that Prox f(z) = o — 7V f-(2).
(Hint: Let p = Prox,¢(x), and prove that *=L € 0 f.(x) using the equality case
in Fenchel-Young’s inequality.)

w N

o

This last question shows that the proximal point algorithm can be interpreted as
“usual” gradient descent for the Moreau-Yosida regularization.

For the next exercise, recall that a measure on a compact set X is a linear form
2 C°(X) — R which is continous for the topology induced by the sup-norm ||| .
The space of measures is denoted

M(X) = (C°(X))".

A measure u is non-negative if Vf € CO(X),(f > 0 = u(f) > 0). Finally, a
probability measure on X is a non-negative measure p such that ||u|, = 1. The
space of non-negative measures is denoted M, (X), and the space of probability
measures is P(X).

Exercise 30. Kantorovich Duality. Let X,Y be two compact sets, let u be a proba-
bility measure on X, let v be a probability measure on Y and finally let ¢ € CO(X xY).
Define a linear form A : C%(X) x CO(Y) — C%(X x Y) by A(¢,) = ¢ ® 1) where

PpDY:(z,y) € X XY = ¢(x) +¥(y).

We consider the following optimization problem
Pi=inf{—((u| ¢) + (v |¥) | (¢,4) € C%(X) x C°(Y), ¢ ® 4 < c}.
1. Prove that P = inf4 y)cco(x)xcoy) f(A(9,¥)) + g(9,v), where

0 ifo<e

400 otherwise,

f:aECO(XxY)H:{

9: (9, 9) € EXF o =((u] @)+ (v |9))
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2. Prove that f* and g¢* are given by:

+00 otherwise

f*:’yEM(XxY);,y,_):{<7|C> if ye My (X xY)

0 if (k,A\) = —(p,v)

+o00  otherwise

g (kA e M(X) x M(Y) — {

3. Let vy € M(X xY). The marginal of v on X is the measure IIxy € M(X)
defined by ITx7 : ¢ € C°(X) = v(¢®0). The marginal on Y is defined similarly.
Prove that the adjoint A* of 7 is given by

A*(y) = (xv, Oyv) € M(X) x M(Y).

4. Deduce from Fenchel-Rockafellar that P = D where

D= —g* (—A*y) = f*
e g (=A") = " (v)

=max{—(y]|¢) |7y € M4(X xY)s.t. lIxy=vr and IIyy =v}.

This duality formula is due to Leonid Kantorovich, and is one of the most important
results in the theory of optimal transport.
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